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Influence of Collisions on the Magnetic Susceptibility of an
Electron Gas. I
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Using a simple model, a determination is made of the inQuence of collisions on the magnetic susceptibility
of an electron gas without assuming the existence of a relaxation time. The model consists of noninteracting
free electrons being elastically scattered by randomly distributed impurity centers in the presence of a strong
uniform magnetic 6eld. The free energy for this simple system is expanded in ascending powers of the
strength of the scattering potential and is evaluated for impurities represented by a screened Coulomb po-
tential. The result for the oscillatory part of the magnetic susceptibility is in agreement with that obtained
by Dingle to the order considered and provides an explicit expression for the collision relaxation time and the
corresponding Dingle temperature.

where E is Boltzmann's constant and T is the absolute
temperature. He has since indicated' that this is prob-
ably not a necessary condition for the validity of the
expression for the constant part of the susceptibility
but that it is probably sufficient to have

g»h/r, (1.2)

where g is the Fermi energy.
More recently, Dingle' has given a more detailed

treatment of the problem. He calculated the collision
broadening of the energy levels semiclassically and
obtained an expression for the magnetic susceptibility
in terms of an average collision time which was intro-
duced rather arbitrarily. His expression for the mag-
netic susceptibility shows that the periodic part (the
de Haas —van Alphen effect) is important only when

' L. Landau, Z. Physik 64, 629 (1930).
2 See, for example, A. H. Wilson, The Theory of Metals (Cam-

bridge University Press, London, 1953), 2nd ed. , Chap. 6, p. 160.' R. E. Peierls, Z. Physik 80, 763 (1933).
4R. E. Peierls, Quantum Theory of Solids (Oxford University

Press, London, 1955), Chap. 7, p. 155.' R. B. Dingle, Proc. Roy. Soc. (London) A211, 517 (1952).
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I. INTRODUCTION

HIS study is concerned with the problem of
calculating on as rigorous a basis as possible the

influence of collisions on the magnetic susceptibility
of an electron gas. It is known that the discrete nature
of the energy levels of an electron in a magnetic field,
which gives rise to Landau diamagnetism, is connected
with the fact that the classical electron orbits are
periodic. ' If electrons are subject to collisions, corre-
sponding corrections to the susceptibility might be
expected when the mean time v- between collisions is
comparable with the cyclotron resonance frequency
(op= e8/mc, where 8 is the magnetic Geld strength, or
equivalently when h&op=h/r in terms of characteristic
energies. However, Peierls, ' who first considered the
problem, showed that the constant part of the dia-
magnetic susceptibility at least is unaffected by col-
lisions provided

KT))h/r )

Acop ET, while the effect of collisions is negligible when

h,»h/r,
which is then equivalent to Peierl s inequality (1.1).
The constant part of Dingle's expression for the sus-
ceptibility depends on v only through even powers of
the factor h/q~, indicating that collisions do not affect
it provided the inequality (1.2) is satisfied, just as
Peierls has suggested.

It is generally assumed in discussions of phenomena
taking place in a magnetic field that the interactions
between electrons and phonons or between electrons
and impurities are unaffected by the external magnetic
field. Since the effects of strong magnetic fields are
interesting and not too transparent, it is important to
investigate just what effects the magnetic 6eld might
have on the scattering mechanism. In general, the
problem is very difFicult; just to study the modifications
of the Bloch wave functions by a uniform magnetic
held' is an extremely difficult task. For the purpose of
gaining some insight into the problem, it should be
useful to study the effect of a strong magnetic held on
the scattering of free electrons by phonons and impuri-
ties. The advantage of studying such cases is that the
wave functions and the energy eigenvalues of an elec-
tron in a uniform magnetic 6eld are known. Thus the
magnetic field can in principle be taken into account
exactly, while the various scattering processes can be
treated as per turbations.

The purpose of this work is to determine the effect
of collisions on the magnetic susceptibility of an elec-
tron gas without assuming the existence of a relaxation
time and at the same time to examine the inhuence of a
magnetic field on the collision process itself. A very
simple model is considered; it consists of a collection of
noninteracting electrons obeying Fermi-Dirac statistics
in the presence of a strong uniform magnetic field. The
collision mechanism is provided by a set of fixed im-
purity centers distributed at random throughout the
volume occupied by the electrons. The electrons are

G. H. Wannier and D. R. Fredkin, Phys. Rev. 125, 1910
(1962).
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treated as completely free except for their interaction
with the impurities and the externally applied magnetic
field. It is assumed that the collisions take place elastic-
ally and that their effect on the electrons is small
enough so that it can be treated as a perturbation.

In Sec. II an expansion of the Helmholtz free energy
in powers of the scattering potential is obtained using
as a representation the exact eigenfunctions of an
electron in a uniform magnetic field. The free energy is
evaluated in Sec. III for a set of impurities represented
by a screened Coulomb potential. Here we limit our-
selves to terms of second order in the scattering po-
tential; this is sufhcient to show the effect of collisions
on the oscillatory part of the susceptibility. The result
is in agreement with that obtained by Dingle to the
order considered and provides an explicit expression
for the collision relaxation time and the corresponding
Dingle temperature.

In order to obtain collision corrections to the constant
part of the susceptibility, the expansion of the free
energy must be carried to terms of the fourth order in
the scattering potential. The results of this further
investigation, which will appear in a subsequent paper,
indicate that the effect of collisions on the constant part
of the susceptibility is negligible when the inequality
(1.2) is satisfied in agreement with the prediction of
Peierls.

An estimate is made in Appendix A of certain second-
order contributions to the free energy which turn out
to be very small. These terms result from our require-
ment that the impurity potential contain no constant
term. In Appendix 8 an inequality needed in Sec. III
is established.

II. MATHEMATICAL FORMULATION

The magnetic susceptibility X of a system in terms
of its Helmholtz free energy F is given by

which is equivalent to

(2 4)

where f„ is just the Fermi-Dirac distribution function.
The problem is to calculate the energy eigenvalues E„
and perform the sum over states required to obtain
the free energy; the susceptibility is then easily found
by performing a simple differentiation according to
Eq. (2.1).

Consider a collection of electrons in the presence of
a strong uniform magnetic field; the electrons are
elastically scattered by a set of fixed impurity centers
distributed at random throughout the volume occupied
by the electrons. Except for the effects of the Pauli
exclusion principle, the dynamical interaction of the
electrons is completely neglected. Then the total
Hamiltonian Hz for each electron may be written

Hr Hp+H', —— (2.5)

where Bp is the Hamiltonian of a free electron in the
presence of a uniform magnetic field and H' is the inter-
action of the electrons with the impurity centers. We
have

1/ e)2
Hp I y—A [,——

2m& ci' (2.6)

N'
H'=P y(r —r,), (2.7)

where A is the vector potential, g(r) is the interaction
energy with a single impurity, and r; are the locations
of the E' impurity centers.

It is assumed that the effect of the impurities is
small enough so that H' can be treated as a pertur-
bation. Then the effects of the magnetic 6eld can be
included exactly since the exact wave functions of Hp,
p„are known; they satisfy the lowest-order Schrodinger
equation obtained from H~,

(2.1) Hppv= +v pv p (2.8)

where V is the volume of the system containing X
electrons. For a system obeying Fermi-Dirac statistics,
the free energy can be written'

where 8„"& is the corresponding energy eigenvalue.
Taking the magnetic field in the s direction and choosing
a Landau gauge, A= (O,xB,O), the eigenfunctions of H p

can be written

F=1Vg KT Q 1n[ee«e"&+1], — (2.2)
u„(x+xp) e"»e'"**

(r-pL*)"' (2.9)

where g is the Fermi energy, P=1/KT, and the sum-

mation is to be taken over all states v having the energy
B„.The Fermi energy g is determined by the relation u. (x) =.V H (nx)e &"@~'*' (2.10)

where xp= hk„/ma&p. Here u„(x) is the normalized
harmonic-oscillator wave function

7 See Ref. 2, Appendix 2A, p. 329

) 1/2

prii22-n ~j
(2.11)

H„(x) is the Hermite polynomial of order n, n2= mppp/Q,

(2 3) and
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first correctly obtained by Landau. ' Here we are inter-
ested in ending the contributions made by E(') and
J (2) resulting from collisions of the electrons with
impurities. First, expand the potential of an impurity
located at the origin in a Fourier series;

The energy eigenvalues of Ho are

(2.12)E,(0)= ha&0(e+-,z)+ i't'k, '/2ttt,

where v now stands for the set of quantum numbers
(~u„a.).

Treating H' as a perturbation, the energy eigenvalues
of Hz, E„can be developed as a power series in H'. If
we limit ourselves to terms no higher than second order
in O', E„can be written

(2.22)

E„=g&„(0)+jv„(1)+g(s)

q =(2n-/1. )m, n=1,2,3where the order of each term in the scattering potential
is indicated by a superscript. In order to proceed
further, the corresponding development of F is also
needed. This can be found by making use of a general-
ized thermodynamic perturbation expansion for the
case of degenerate statistics. ' In general, the Fermi
energy as welL as the free energy depends on the scat-
tering potential so that one can write

where m is any positive or negative integer including
zero. By inversion of (2.22), we find that

e—ts sy(r)(fr (2.24)

To make the problem as simple as possible, we exclude
the possibility of including a constant term in the im-
purity potential by subtracting the contribution from

(2.15) the q=0 term:

P—P (0)+P(1)+P(0)

)t= st(0)+1)(()+st(s)

Here periodic boundary conditions are chosen so that

(2 13) the components of q satisfy

to the order now being considered. Then, performing a
Taylor series expansion of the free energy ( .2), one
finds that

~")=-&v(') —&&Z»Lee(""' '""'+1j, (2.16) =—g Q W(q)(1 —i) o)e'& ('—"). (2.25)
q

P(1)=Q f„(0)g„(1)

()f„(0)
P (0) =P f„(0)E„(s)+1g (jV„(1) st (1))0

v
"

v g+ (0)

(2.17)

(2.18)

g Q f (0 ZLet)(st~0 00 +1j 1 (2.19)

where use has been made of Eq. (2.3) to eliminate the
first-order correction to J depending on q(". In a similar
way, the corrections to the Fermi energy can be found
from Eq. (2.4):

It will be assumed that any constant potential as-
sociated with the impurities has been included in the
zero-order Hamiltonian where it would appear as an
added term in E,«). 3y resetting the zero of energy
this constant can be removed, and for simplicity it will
be imagined that this has been done.

First consider the terms F(') and g('); to calculate
these the first-order energy correction E„(') is required.
Applying ordinary Rayleigh-Schrodinger perturbation
theory we find

()f„(0) (tof„(0)
)) (0) = P

"
jV„(s)+1P

"
(g„(1) st„(1))s

()E„(0) „0)(g„(0))0

(2.20)

E "'=( I&'()
I

)=—2 &'(V.,0,0)
q~

dx tc.'(x+so)e'0*' P e-'0*", (2.26)
i=1

gf (0) —1

XIX I
. (21»)

()jV„(0)j
S"'(q)= IP(q) (1—8,o) . (2.27)

Place tllls cxplcssloll for Ep( ) 111 Eq. (2.1/) and lcwrltc

e principal contribution to the susceptibility of a the sum over k„as an integral according to the

collection of free electrons comes from E(') and was

L. D. Landau and E. M. Lifshitz, Statjstjcat Physics (Addison-
Wesley Publishing Company, Reading, Massachusetts, 1958),
p. 93.

dk, n= hays. (2.28)
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This gives
Lg

Z Z f, "Z W'(q. ,0,0)
2zV" »

OQ N'

Cx u„'(x+i'2k„/m(00)e"*' Q e "**'

P P f.(0) Q W'(q. ,0,0)
2~@ Pg n I, g

QO
¹

eke'"*g e '""

moro+
Z E f."W)'(0)2'.,h

=0 (2.29)

since W'(0) =0 according to (2.27). In the same way it can also be shown that ))") vanishes. Thus the elimination
of the constant part of the impurity potential ensures that no first-order corrections to either the free energy or the
Fermi energy exist. These results are independent of the arrangement of the scattering centers.

Now consider the second order. Contributions to the free energy are given by (2.18). ))(') will not be needed since
it does not a,ppear in F('). Let

where

and

P(2) —P (2)+P (2)

P (2) —Q f (0)g (2)

Qf„(0)
Pp(2) — Q [E (1)j2

gp (0)

(2.30)

(2.31)

(2.32)

since p")=0. The principal correction to the susceptibility comes from P,('). From second-order perturbation
theory

g„(0)=p
v P (0) P, (0)

1 W'(~) W'(~')
(vie'2'(v'&&v'(e"'(v& P g e-'«'+0'')) .v' " «' z„(')—z„(') i=1 j=1

(2.33)

1E'
p (2) p g D(E (0) p„, (0))

2 p2 v v'

XP ) (WqX„I „',u. 7.') ~'— —

where
X (1—(),04„2„'4.1„')

~
p., (q.) ~

', (2 34)

f (0) f, (0)

D(E (0) p I(0)) =
g (0) g, (0)

(2.35)

9 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957);
see Appendix B.

Place this expression for the energy in Eq. (2.31) and
take the ensemble average over all the different ar-
rangements of the impurities without any correlation
between the impurities. ' (In assuming that the impuri-
ties are truly independent, we are allowing two or more
to occupy the same position. In the present case where
the impurity concentration is low, this assumption
should not seriously affect the results. ) A large con-
tribution is obtained only when i =j and q+q'= 0. The
final result can be written

and

p- (q.)= u~(x+xp)e'" u„'(x+xp')Ch. (2.36)

In order to simplify Pp(2), replace E„(') using (2.26) and
again take the ensemble average over all possible ar-
rangements of the impurities. This gives

1Ã Bf (')
P "'=——Q Q ~W(q. ,0,0)~2

2 P» gg (0)

X(1-~...) IP-(q.) I' (237)

which turns out to be very small compared with F "'.

III. COLLISION RELAXATION TIME

As a simple but interesting application of the results
obtained in Sec. II we consider the scattering of free
electrons by a set of randomly distributed ionized
impurities. This model might be used to describe a
substitutional metal alloy, where breaks in the periodic
potential caused by the minority atoms result in
electron scattering. According to the Thomas-Fermi



theory applied to metal alloys, '0 the CBectivc potential
about each impurity ion can be represented approxi-
mately by a spherically symmetric screened Coulomb
potential

y(r) = —Ze-'e-"I /r, (3.1a)

where

JV(q) =4-
(1+a'qs)

(3.2a)

is the integral of P(r} over all space.
In the presence of a magnetic Geld the screening must

RctuaBy be calculated using the dielectric constant in a
magnetic field. " The CKective potential is then no
Ionger spherically symmetric and the screening depends
on the magnetic field. ' However, even for quite high
field strengths the magnetic corrections to the CBective
potential turn out to be rather small for metals and
Eqs. (3.1) can still be used to a very good approxi-
mation. Since the motion of charged particles along the
magnetic field is unaffected by the Geld, the elective
.screening in this direction remains the same as in the
absence of a Geld. Now consider electrons Inoving per-
pendicular to the direction of the magnetic field and
neglect fol the moIncIlt thc effects of ordinary sclccQlng.
It can then be shown that the Fourier transform of the
CGcctive potential of an ion in the presence of a magnetic
Geld is just"

4xZt,'
lV ( 0)

where Ze is the excess charge of the minority ions over
tlat of tlM host ions RQd g ls thc CRcctive 1RQgc of tlic
potcntlal given by

a'= orb'/4me'(3A ors/V) '". (3.1b)

I or most metals, a, is of the order of 10 'cm, asmight
be expected from the fact that the metal is electrically
z.eutral. This choice of potential enables us to carry out
most of the required integrations a,nalytically and finally
obtain the periodic part of the susceptibility in terms
of an expbcit expression for the relaxation time.
Substituting the expression (3.1a) into Eq. (2.24), we
Gnd that the Fourier transform of the impurity potential
is just

For a magnetic Geld as high as IO' 0 we find that
es(0)=10 8 and 'tile CGcct)vc scl'ceIIIIIg d)stance Is s'ttll

given by u to a very good approximation. More generally
it can be shown that as((JI)))a, provided tha, t t))&kooo.
Therefore, as(ar) is quite ineffective in providing
screening compared with e at ordinary Geld strengths.
If many Landau levels are occupied, the screening
should be quite close to its value in the absence of a
magnetic Geld; in the case in which only a few Landau
levels are occupied it would be necessary to take into
account, the magnetic dependence of the screening.

The principal contribution to P&'& comes fromthe
first term on the right-hand side of Eq. (2.34) and its
cvalu8tloQ ls carried out ln this scctloQ. Thc lcIQaining
terms in E&'& are quite negligible and an estimate of
their size is made in Appendix A. Using (3.2), the first
term in J,&'&, say E,q&", can be written

1 E'@s
p (s) — Q Q D(jF (o) F io(o))

2 (2or)sVsu4 ~

XQ La '+(I,'+(k„—k'„)'+(k.—k',)'j '

N„(x+ f)e'o"I„'(x)Cx, (3.3)

&= (xo—xo') =n-'(k„—k„') . (3 4)

First, perform the sum over q, by replacing it with an
integral according to (2.28). A simple contour integra-
tion then glvcs

1 1P@I..
P I(s) P P D(E (o) E (o))

2 (87r) V'a'

and p is the electron momentum. In order to obtain an
estimate of the ma, gnetic screening distance in a direc-
tion perpendicular to the magnetic fteld, say as((JI),
which will in general depend on qg as indicated, we set
(Ji= 0 and take P= t (6/5)mt)]'Is, just the average value
of the electron momentum in a Fermi distribution at
T=0.Then comparing Ws(0) obtained in this way from
Eqs. (3.2') with W(0) given by Eqs. (3.2), we 6nd that

ass(0) = (k/Ze'n') ()t/m) 'Is

X x+e-' xo+xt P
=I e(e!)

x= mrs/2n',

x'= 2mZe'/7r kp,
xI=4Ze p/wk (oo,

(3.2a')

(3.2b')
s'= a '+(k„—k„')'+(k,—k,')'. (3.6)

X dx dx' N„(x+t)se„(x)N„'(x')N„(x'+P)

Xs '(1+styx —x'i)e 'i -"i, (3.5)

where we have let

"N. F. Mott and H. Jones, The Theory of Ihe Properties of
j/Iefals gmd Al/Oys {Oxford University Press, London, 1936), Chap.
II, Sec. 5, p. 86.

"M. J. Stephen, Phys. Rev. 129, 99'I (1963).
"N. D. Mermin and E. Canel, Am. J. Phys. (N. Y.);[26, 24'/

{Iw4)."V. Celli and N; D. Mermin, Phys, Rev. 1N, A889 (1965).

To proceed further, some approximation is necessary.
Assume that the average range of the potential is small
compared with the length o, ' characterizing the mag-
netic field; then

(3.7)
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ThIS- condition Is well satls6cd for Rn Intcrcstlng rRngc
of potentials and magnetic 6eld strengths. For a 6eld
as high as 10' 6, m=10' cm '. Then for metals where
a typical value of u is about 0.5 A, we have an=10-'.
When the condition (3.7) is satisfied the final exponential
factor in (3.5) is a rapidly decreasing function of
~x—x'~ compared with u„(x—x'), as is evident from
the form of (2.10) and the dependence of s on the po-
tential range (I. A good approximation of (3.5) can then
be obtained by expanding the product of harmonic-
oscillator functions in powers of (x—x ); this is equiva-
IcIlt to RII cxpRIls1011 111 powcis of cn ot n/s SIncc
Gn) g/s. To lowest 01(lcl' fills RI1101111ts to 'taklllg

u„(x+])u„.(x)u„.(x')u (x'+P)
=u„'(x'+&)u„'(x'), (3.8)

If hlghcr-ordcI tclms arc Qcglcctcd. This Is fust whRt

might be expected since the contribution to the integral
over q is small except where ~x—x'~ is suiiiciently
small; the integral over g, would give a delta function
8(x—x') if the dependence of W(q) on q, were neglected.
This can be done when the potential range is small, since
then s is very large according to Eq. (3.6). By making
the replacement (3.8) in Eq. (3.5), the integration over
x can be readily carried out. Then

1 y'S'n'
P (s) — P P P D(E (o) E (o))

4m. I.,V
u. '(x'+ &)u.'(x')

d$ (3.9)
L1+((In) '(nf)'+ as(k, —k, ')sos

after 6nally replacing the sum over k„by an integral
over $ using Eqs. (2.28) and (3.4). Since we are already
working to zero order in an, it now appears appropriate
to expand the denominator of the double integral in
powers of an and retain only the zero-order term. This
is equivalent to setting the $-dependent term in the
denominator equal to zero. The double integration over

$ and x' can then be carried out, and Eq. (3.9) becomes

I @'E'o.'
p I(s) — p p g D(+ (0) g„i(o))

4z I. V " n lz

X(1+a'(k,—k,')')-'. (3.10)

However, for large e, I' the right-hand side of Eq.
(3.10) contains as a factor the harmonic series which is
known to diverge logarithmically. A more careful ex-
amination of the double integral in (3.9) reveals that
it is very small unless

unless E„~o&, E„&0& is close to the Fermi energy; this at
once places an upper limit on m, I' and turns out to be
approximately equivalent to condition (3.11).However,
(3.11) is still necessary to obtain a finite value of the
field-independent part of J,~&'), but this of course does
not contribute to the susceptibility.

The integrand of (3.10) is now completely indepen-
dent of k„'. If the electrons are restricted to lie within
the volume V, it can be shown that the number of states
VV@ for' a given cncrgy is just

(3.12)

At this point it is advantageous to change from a sum
over k, to an integral over the energy. From Eq. (2.12)
we 6nd

25$ 1/2

k.= «(') —h(os(n+-'s) j
Ig'

1 2r)I~i/s
dk =—

~
$E "'—h(o {rr+-')j "'dE "' (3 13b)

2 hs)

where I must satisfy the inequality

E,(o)—h(oo(N+-', ))0.
Now use (3.12) to replace the sum over k„' in (3.10) and
rewrite the result using Eqs. (3.13).This gives

n 5$ (K7 00

F I(s)= — Q g dE„(o) (fg„, (o)

32 m'h' " "'
0

yD(E (o) Z. (o)) [1+~(tZ (o)—h (u+-') J/
a$E;(') hMs(n'—+-')ji/s}s J

'

XLW"-h o(.+la-"'«(')-~o( '+l)~-"
(3.14)

where both signs are to be included and y= 2mas/hs.
It is well known that the susceptibility of a system of

free electrons depends on the "bunching" of electronic
energy levels caused by a magnetic 6eld and represented
by a sum over the integral quantum number e. If both
sums over rs in Eq. {3.14) are replaced by integrals, the
resulting expression is independent of the magnetic
6eld and the system has zero susceptibility. An approxi-
mation sufFiciently good to retain the essential magnetic
field dependence can be obtained by means of Poisson's
summation formula, "

Gc

PZLZ —(u+-s')h sj= P (—1)'
~0 &—

u=e'& 1/(2(rn)s; (3.11)

this is shown in Appendix B.Consequently, the further
evaluation of (3.10) is considered subject to the limi-

tation (3.11). It turns out, however, that the lowest-

order contribution to the susceptibihty is very small

"F.Seits, 3fodere Theory of Sordo (McGraw-Hill Book Corn-
pany, Inc. , New York, I940), p. 585.

"K. C. Titchmarsh, InAodlctjon to the Theory of Fourkr Ig-
Iegraie (Oxiord University Press, London, 193/), p. OO.
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1 $2E'm'
F(B)=— 2 (—1)'

16 m'A' l&0

dEI ~27ril Jl'/fgarp

where / is an integer. Replace the sums over m, e' in
Eq. (3.14) using this expression. In the resulting sum
over I, l' the largest contribution to J,l(') comes from
the/= l'= 0 term; this is just the integral approximation
already mentioned and does not contribute to the
susceptibility. The largest contribution to F l(' in-
volving the magnetic field, say F(B), comes from the
sum of the two identical cross terms 1=0, l'WO; l/0,
I'=0 and can be written

When ~E E—'~ &-,'KT, D(E,E') can be expanded in
powers of (E E'—)/KT and replaced by //(—E )&«—))
if terms of order KT/)&(') and higher are neglected. In
the range ~E—E'~ &2K'T, D(E,E') is approximately
equal to —~E E'~—'. The principal contribution to
F(B) must then be given by replacing exp(27ri/(E —E')/
A(00) by unity and integrating over E,E' subject to the
conditions E& )&

(') (E', E'()&"'&E, and
~

E E' ~—
&//«0/2~/I. Here / must be limited to those values for
which I//«0/~ l~ &KT, otherwise the corresponding term
in F(B) vanishes. With these approximations it can be
shown that

dE D(E E&) 2~/l(// //')/hr—soI(E E~) (3 16) F(B)=—
P'Ã'm' Ao) 0

P&( 1)&~2+i &go//&rap

16@4186 Lgo

where

I(E,E') = d'y g
—2/rily/fg(i&py —1/2

l [/iKT)
X 1+] 1— — [ln— I()/('), )/(')) (3.20)

/'«, i ]/)KT

A0)p 1x'(
(2an)' 2y

(3.18)

and this is sufficient to ensure the convergence of F(B).
The remaining integrations cannot in general be

carried out analytically; however, the principal con-
tribution to F(B) can still be found by first carefully
examining the dependence of the integrand in Eq. (3.16)
on the energy. It is assumed that

X f 1+~[(E& gl) 1/2~@1/2]2)—2(E& gI)—1/2: (3 17)

According to Eq. (3.11), x' is now subject to the
condition

if terms of order KT/r/(" and //«0/)&(0) are neglected.
The prime on the summation sign is to remind us that
l is an integer such that

~

l
~
&A«0/KT. The first term

in the bracket comes from integrating over the region

~

E E'~ &-',KT—while the logarithmic term arises from
the regioii ,'KT& ~E—E'~—&ha),/2~//&.

From (3.17) it is seen that the factor I()&('), )&(")
depends on the range of the impurity potential through
y which also appears in the restrictive condition (3.11).
For an impurity potential range a=0.5)&10 ' cm, p '
is found to have a value of 10 eV, which exceeds the
Fermi energy of most metals. The condition (3.18) is
then satisffed for I()/('), )&(')), and one finds

&«)&)h „Zr. (3.19) g(p)

Then D(E,E')=0 when E,E'()&( ) or E,E'»&( ); this
follows from the properties of the Fermi-Dirac distri-
bution function. Now consider the region where
E&)J(0)&E' or 'E& «)&&& EIf ~E—E'~ &)&"' the&1

D( E, E')&( )&'())', a very small factor. On the other
hand, if

~

E E'
~
&&)&"&, then D—(E,E') becomes a highly

peaked function centered at g«) and approaches the
delta function —/I(E —)&(')) as E approaches E'. This
peaked function is multiplied by the oscillatory function
exp[2)ri/(E — 'E)/h«]owhich means that the value of
the integral depends critically on the 1'atio //«0///KT.

Assume that I(E,E') is a comparatively smooth function
of (E E') for energies n—ear )&(') and first consider the
case where ha& /~/0~&&KT for a given /. Since D(E,E')
can never have a width less than E~,T, the contribution
to F(B) must vanish and the susceptibility is unaffected

by impurity scattering when kvo&(XT, in agreement
with Dingle's result. Next consider the case where

//«0/~/~ &KT; this gives a nonvanishing result. In
order to estimate the contribution to F(B), rewrite
integrals (3.16) and (3.17) in terms of E' and the energy
difference (L" E') Next divid—e the. range of (E E')—
into two regions:

~

E—E'[ & ,'KT and [ E E'& & ~KT—. —

I()&(0) r/ (0)) = dy ~
—27/ily/fg(g py

—1/2

(r/ (0))1/2~yl/2X--
+p[()/

(0)) i / 2~y
i / 2) 2

+ tan iyi/&[()&(0))i/2~yi/2] (3 21)
~l/2

I(r/&'&, r/&'&) = d'y ~
—2m.ily/@copy —1/2

=47r /
i )

()&(») /2(1 ——yr/(»)
) 2iri/i

(3.22)

after carrying out a simple integration. In order to
simplify the final integration over y, the further as-
sumption is made that yg(') (1.This should be reason-
ably well satisfied for most metals in yew of our estimate
of y '. Then I()/(', )&(' ) can be obtained as a power
series in yg«). To erst order one Ands

g(p)
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F(fl) =—Vm'i'(h(pp) +'

2m'It'

|'2irl&) ('& pr) h(pp

Xcosi ——
i, &1, (3.23)

h(pp 4) ET

where r(l,y) is the collision relaxation time given by

(l, ) '= o'(1—:"')

if terms of order h(pp/&)(P) are neglected. Using this
result, Eq. (3.20) can be written

In order for the expansion (3.22) to be valid, one must
require that

a&7rh'/4me'=0 35&(10 ' cm. (3.28)

This condition is just satisfied in most metals. Since
P'(rj (P)) 'i' is proportional to a', it is seen that an increase
in the range of the potential causes a decrease in the
relaxation time and an increase in the susceptibility
according to Eqs. (3.24) and (3.25). In cases where the
inequality (3.29) is not satis6ed, a more exact evalu-
ation than (3.22) of the integral (3.21) is required to
determine the dependence of the susceptibility on the
scattering potential.

with

t' lET) h(pp

&& 1+i 1— iln (3.24)
lET

(3.25)

Here e' is the density of impurities. When h(pp/lET(1,
F(B)=0 and the susceptibility vanishes.

If Eq. (3.23) is to be valid as a perturbation result,
one must require that h(pp& h/r since the perturbing
energy associated with the impurities must be small
compared with the magnetic energy-level separation.
To obtain a nonvanishing result for F(B) we must have
AMp+ET, and the eGect of collisions on the suscepti-
bility is small if h(pp))h/r. Then the susceptibility is un-
aifected by collisions if ET))h/r, which is just Peierls s
inequality (1.1). In the limit where the influence of
collisions on the susceptibility can be considered small,
these results are in complete agreement with those ob-
tained by Dingle if (3.24) is taken to be the collision
relaxation time. However, not too much signi6cance
should be attached to the logarithmic dependence of
r(l,y) on the ratio h(pp//ET because of the approximate
way in which the energy integrals in (3.16) are evaluated.

It is interesting to examine the dependence of the
relaxation time and the susceptibility on the range of
the impurity potential. To terms of order ET/&)('),
the Fermi energy of free electrons is given by

&)(p)=
2m( V i

(3.26a)

A'x'
~(') =

32m'e4 a4
(3.26b)

Combining this with Eq. (3.1b), we 6nd that the de-
pendence of the free energy on the potential range is
just

IV. SUMMARY

In the present work the eGect of collisions on the dia-
magnetic susceptibility of a system of free electrons is
determined. Here we limit ourselves to terms of second
order in the scattering potential; this is sufhcient to
determine the effect of collisions on the oscillatory part
of the susceptibility. No assumption is made about the
existence of a relaxation time. Neglecting terms of
order ET/ &)(P)and hppp/&)(') it is shown that collisions
do not influence the oscillatory part of the suscepti-
bility provided hp)p))h/r, where r is the relaxation
time. The result is in agreement with the work of
Dingle to the order considered. An explicit expression
for the relaxation time is found, and its dependence on
the scattering potential is discussed.

In order to obtain collision corrections to the constant
part of the susceptibility, terms of fourth order in the
scattering potential must be included. In a subsequent
paper the expansion of the free energy begun here will
be extended to this order and it will be shown that the
effect of collisions on the constant part of the suscepti-
bility is small when ))(P)))h/r, in agreement with the
prediction of Peierls.

APPENDIX A

The principal contribution to F&'i comes fromthe
first term in Eq. (2.34); its evaluation is carried out in
Sec. III. Here an estimate is made of the remaining
terms in Ft'~. The contribution of these terms to the
susceptibility turns out to be very small compared with
that of F(B).

First consider the second term in Eq. (2.34), say
F,2&'). This can be written

F (»=——2 ZD(Z-p. "'Z- p.")IFp: (0)l'
v ni

m'h' j.
~(')7=

16m'e4 u'
(3.27)

Then the dimensionless expansion parameter g('&y is
given by

g g(g„(p) )) (p))

2 V v

(A1)



MAGNETI C SUSCEPTI 8 I LI TV OF AN ELECTRON GAS. I

after carrying out the indicated sums and using (3.2).
Now perform the sum over k„using Eq. (3.12) and re-
write the result as an integral over the energy. This gives

1 e'P' (oo(2m)oi'
F o"'——— — P [&)"'—A(oo(e+-,')j 'i'.

4 (2or)o ho

(A2)

The magnetic-field —dependent part of this expression,
say F,o(B), can be obtained using Poisson's summation
formula (3.15). Then

the oscillatory part of F»(", say For(B)&nF,o(B)/
(27r)'('. Then for a Geld of 10' G, Foi(B)/F(B)&10 '
according to (A4). Actually since the integral (A6) is
proportional to

i Bi 'i', F»(" also makes a contribution
to the nonoscillatory part of the susceptibility but this
again is negligible compared with that of F(B) as well

as with the principal term contributing to the constant
part of the susceptibility. This will be shown in a sub-
sequent paper where the influence of collisions on the
constant part of the susceptibility is treated.

Finally the second term in Fz(') turns out to be identi-
cal with F,o(') since it can be put in the form (A1) and
is therefore negligible.

Xcos — ——— . (A3)
AG00 4

Comparing the coefficient of this series with that of
Eq. (3.23), we find that

APPENDIX 3
For large values of x the Hermite polynomial of order

n, H„(x), approaches the value 2"x". Then according
to Eq. (2.10), the asymptotic behavior of the harmonic-
oscillator function is given by

F.o(B)

F(B) Vm'('(o (»('))'('
(A4) u„(x):Ã„2"x"e ('"& '"'. (B1)

e' Q~
Foi(o) = Q (&(ri(o) g~„(o))1,

2 V
u„'(x)dx (A5)

by making use of the same methods and approximations
employed in Sec. III. Except for the last two factors,
the right-hand side of (AS) is the same as F,o('). Since

For a field of 104 6 the absolute value of this ratio is
approximately 10—"which shows that the contribu-
tion of F,o(B) to the susceptibility is quite negligible
compared with that of F(B).

Next consider Foo given by Eq. (2.37).The first term
in this expression, say F»(", can be reduced to the
form

If the range of N„(x), R„, is deined to be twice the value
of x at the point where the expression on the right-hand
side of (81) has its maximum value, then

R„=2n"'/n

Now consider the integrals over x' and f contain. ed in

Eq. (3.9). Since N„(x) is normalized to unity, the inte-
gration over x' will produce a very small factor unless
R =E' ' for otherwise there will be very little overlap
of the two harmonic-oscillator functions. At the same
time the integrand will certainly decrease very rapidly
for $)1/an' Becau. se of the factor I„'(x'+$), the
entire integral will be small unless R„&1/an'. Using
(82) we conclude that most of the contribution to
J,i"' must come from values of ~, e' for which

N„4(x)dx=
[2or(&i+1)]'(' (2&r)'I'

(A6)
r) =)o'&1/(2an)' (B3)


