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as the criterion, and this was measured from the strong
satellites of the origin. For Ho(A) the angular sepa-
ration of the two satellites at 1.093 A was 4.54', and
for Ho(B), 3.71', and the resolution was such that the
two values could easily be distinguished.

A first sample of doubly distilled high-purity holmium
containing 0.17%Os was studied in the form of massive
pieces broken from the bulk specimen. A value of
co=30.7' was obtained at 4.2'K. A second sample of
ordinary commercial 99+% metal, also containing
0.17%Os was studied in the form of unannealed filings.
The lines were slightly broadened in comparison to
those from the high-purity specimen. A value for
~=30.3' was deduced. The third powder sample was
of commercial Ho in the form of filings and "sawdust"
which had been in the laboratory in an unsealed con-
tainer for over four years. This should have been a good
sample of poor metal, but it too yielded a value of
co=30.6' at low temperatures. The three powder

samples, as well as the other two single crystals Ho(C)
and Ho(D) all had values of rely equal, within experi-
mental error, to that of Ho(B).

It appeared that the unique behavior of Ho(A)
could not be attributed to impurities in the metal, and
a second possibility related to the manner of formation
of the crystals was considered. The crystals Ho(B),
Ho(C), and Ho(D) were all grown by a strain-anneal
method whereas Ho(A) was cut from an as-cast,
machined rod. Short of the obvious experiment of
annealing Ho(A) (we are reluctant to risk losing a
crystal which is by chance "frozen in" at a final turn
angle of 36.7') we have tried to study the effects of
mechanical history by studying severely cold-worked
polycrystalline specimens. It is not certain that the
cold-worked state is necessarily equivalent to the as-
cast condition of Ho(A), but in any case no eifects of
cold work on the final turn angle were observed. We
still have no explanation for the properties of Ho(A).
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Quantum oscillations of the ultrasonic absorption have been studied in magnesium and zinc at magnetic
Gelds between 5 and 20 kG. Low-amplitude oscillations, similar to the de Haas-van Alphen oscilla-
tions of magnetic susceptibility in period, temperature dependence of the amplitude, and line shape, are
observed when ql~1, where q is the propagation constant of the sound wave and l is the mean free path of
the electrons. The dependence of the amplitude on the angle between the magnetic-Geld vector and the
direction of sound propagation does not agree with predictions. Oscillations of much larger amplitude have
been observed in zinc with ql~15. Difhculty arises in comparing measurements of these oscillations with
theory because they are characteristic of a region intermediate between the de Haas-van Alphen and giant
oscillation regimes. Spin splitting of the absorption peaks is observed in zinc, but not in magnesium.

IN'TROD UCTIOÃ

~QUANTUM oscillations of the acoustic-attenuation~ coefficient which are periodic in the reciprocal of
the applied magnetic field have been observed in
bismuth ' zinc, ' ' antimony ' and gallium. The
phenomena are observed at high magnetic fields and
are of two types: oscillations similar to de Haas —van
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Alphen oscillations in the magnetic susceptibility, and
"giant quantum oscillations, " which are a large
amplitude resonance effect in the electron-phonon
interaction. The factors determining which oscillations
are observed are the sound frequency and mean free
path of the electrons. de Haas-van Alphen oscillations
occur when the frequency is low and the mean free
path is short, and giant oscillations occur if the fre-

quency is high and the mean free path is very long.
Although phenomena observed in bismuth, zinc,

and gallium have been described in the literature as
giant quantum oscillations, the electron mean free
path must be nearly a centimeter for this effect, and
only in gallium has this requirement been clearly
satisfied. Close examination of magnetoacoustic oscilla-
tions reported in bismuth and zinc reveals that they
are characteristic of some regime intermediate between
the de Haas —van Alphen and giant quantum oscillation
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regimes. The line shape of the absorption peaks is
considerably broader than giant quantum oscillations
and their amplitude is smaller.

The purpose of this paper is to report oscillations of
the de Haas —van Alphen type observed in magnesium
and zinc, and oscillations observed in zinc characteristic
of an intermediate regime. The periodicity, amplitude,
temperature dependence of the amplitude, spin-split-
ting, and other characteristics are discussed,

in the giant-quantum-oscillation regime where electron
scattering may be ignored (ror)&1) were first derived by
Gurevich, Skobov, and Firsov. They predict that the
amplitude of each absorption peak should be propor-
tional to the magnetic field at which the peak occurs, to
the sound frequency, and inversely proportional to the
temperature; that is,

(4)

THEORY

In the giant-oscillation regime the sound-absorption
mechanism may be treated as an electron-phonon
interaction in which energy and momentum are
conserved. This treatment is valid when the condition
~r))1 is satisfied, where ~ is the sound frequency and
r is the relaxation time of the electron assembly. When
this condition is satisfied, uncertainty of the electron
energy, according to the uncertainty principle and the
6nite lifetime introduced by scattering (described by r),
is much less than the phonon energy. Actually the
lifetimes of the individual electron states are functions of
energy and momentum; however, the value of car is a
rough guide to the phenomena which are observed.

In order that uncertainty of the electron momentum
be much less than the phonon momentum, the condition
qE&)1 must be satisfied, where q is the sound wave vector
and / is the electron mean free path. Since q//oor =vf/v„
where vf and v, are the Fermi and sound velocities, and
vf/v, 1(P, this condition is satisfied for intermediate
regimes where ~r 1, as well as for the giant-quantum-
oscillation regime. The de Haas —van Alphen regime
occurs when ql&1 and, of course, ~r&&1.

In all regimes the absorption of sound in suflRciently

high magnetic fields is a period function of the magnetic
field H. The condition for absorption to occur is
satisfied as successive Landau cylinders appear on the
Fermi surface at a plane where k„the component of the
electron wave vector in the direction of H, is given by

k,'= rps*v, q/Aq, = rrs*v, /It cos9.

1 is the angle between the direction of sound propagation
and the magnetic field. The period is given by

A (1/H) =2s e/AcA p,

where Ao is the area of intersection of the k,' plane with
the Fermi surface. This expression is similar to that
for the familiar de Haas —van Alphen period

for the ith peak. This relationship has been stressed by
Shapira and Lax~ and is confirmed by their results
in gallium.

The effect on the sound-absorption mechanism of
electron scattering by impurities and defects is an
important consideration, since the oscillations change
markedly as the mean free path and relaxation time
are reduced. Also most experimental results published
to date, as stated earlier, do not characterize the giant-
oscillation regime where scattering is negligible. The
effect of electron scattering in the electron-phonon
interaction is to relax energy and momentum conserva-
tion. Thus the condition expressed by Eq. (1) specifying
k,' and those electrons which participate in the absorp-
tion is relaxed, and electrons with a range of k, rather
than those with k,' alone will participate in the absorp-
tion. Applying the uncertainty principle, the level width
and uncertainty of the s component of the momentum
of the electron states are given approximately by
LIE koo/ror and d, (kk,) Aq, /q, /„where fur is the phonon
energy and Aq, is the component of phonon momentum
in the direction of H. Since q, /, =ror (from /, =v,sr
and v,s= v,/cos8) electrons in a k, range given approx-
imately by

k,+=k,v+2k, s/ror

wi11 participate in the absorption. The absorption peaks
are thus broadened and reduced in amplitude by the
electron scattering. In addition, if the range specified
by Kq. (5) is large enough, electrons of more than one
Landau level may participate in the absorption simul-
taneously. Indeed, if ~r&&1 and also ql&&1, no restriction
is imposed on the electrons that may participate in
the absorption by energy and momentum conservation
in the electron-phonon interaction. All electrons near
the Fermi surface will participate and the absorption
peaks will have the same periodicity as the de Haas —van
Alphen effect.

Skobov' and Liu and Toxen" have derived an
expression for the attenuation coefBcient that holds
when (Ef/pro. )&)(q/)'»1, where Er is the Fermi energy

except that the extrema1 area of the Fermi surface has
been replaced by Ao. The periods will only be markedly
different when cos0«1, that is, when the direction of
sound propagation is almost exactly perpendicular to H.

Expressions for the acoustic-attenuation coefBcient
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with one of the specimens. The ratio of room tempera-
ture to residual resistance for this specimen was
1.4&10'. The direction of sound propagation was 10'
from the (1010) axis in the (1120) plane. The magnetic
Geld vector was rotated in (1010) and (1120) planes,
and varied continuously and automatically from 5 to
20 kG at each orientation where observations were
made. A typical chart recording is shown in Fig. 2.

Several experiments were conducted on two zinc
specimens. The purer specimen is characterized by a
residual resistance ratio of 3X10'. The direction of
sound propagation for both specimens was within 5'
of the (0001) axis. The magnetic-Geld vector was
rotated in the (1010) and (1120) planes, and. also about
the (0001) axis. In the third case an angle of about 85'
was preserved between q t and the (0001) axisj and H
for all orientations. The magnetic 6eld was varied
continuously between 5 and 20 kG at each orientation.
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Fxo. 3. Temperature de-
pendence of the amplitude
of a P-orbit oscillation in
magnesium. H is in the
(1120) plane, 5' from the
(1OiO) axis.
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EXPERIMENTAL RESULTS

Periodicity of the Oscillations. The periods observed
agree with those observed for oscillations of the
magnetic susceptibility at all orientations of the
magnetic Geld. Although complicated beat patterns
occur and the analysis is dificult, there is no significant
departure from the constant periods observed in
susceptibility measurements as the magnetic field is
varied between 5 and 20 kG. The periods do not change
as the sound frequency is varied from 27 to 81 Mc/sec.

In magnesium four sets of oscillations sinusoidal in
character and periodic in I/H were observed. Measure-
ments were taken at several orientations of the magnetic
Geld with ultrasonic frequencies of 27, 45, 63, and 81
Mc/sec, to determine any variation of the periods with
the wavelength of the sound. The periods were found to
vary with orientation of the magnetic 6eld in the same
way as those observed by Priestly" and by Gordon,
Joseph, and Eck" in measurements of the magnetic
susceptibility. The accuracy of our measurements is

0.3

FIG. 4. Temperature de-
pendence of the ampli-
tude of an a or cigar orbit
oscillation in zinc. H is in
the (1120) plane, 5' from
the (0001) axis.
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not quite as great as that of the magnetic susceptibility
data; however, within the experimental uncertainties
the periods are identical.

Three sets of oscillations periodic in 1/H were
observed in zinc. Measurements were taken at two or
three orientations of the magnetic Geld with ultrasonic
frequencies of 27, 45, 63, and 81 Mc/sec to determine
any variation of the oscillation periods with the wave-
length of the sound. No such variation was observed.
Variation of the periods with orientation of the magnetic
Geld is the same as that observed by Joseph and
Gordon'4 in measurements of the magnetic susceptibility.

Temperature Dependence of the Amplitude. The
amplitude of oscillations in the acoustic attenuation of
the magnesium and the less pure of the zinc specimens
varies in the same way with temperature as de Haas —van
Alphen oscillations, that is, I'/T and X/T vary approx-
imately exponentially with T. Effective masses com-
puted from the temperature dependence agree for the
two phenomena within experimental uncertainty.

In magnesium the temperature dependence of the
amplitude was measured at several orientations and in
all cases I'/T varies exponentially with T. In Fig. 3
this function is plotted for an n or cigar orbit oscillation
with H in the (1120) plane, 5' from the (1010) axis.
This exponential behaviour is characteristic of de
Haas —van Alphen oscillations where many Landau
levels participate in the absorption. The effective mass
calculated from these data for the case shown in Fig. 3
is 0.20m, in close agreement with the value 0.22m
obtained by Priestley for the same orientation of the
magnetic 6eld and the same oscillation.

Oscillations having an amplitude of 0.5 dB/cm
were observed with the less pure of the two zinc
specimens and the temperature dependence of an A
oscillation (n or cigar orbit), when the magnetic Geld
vector is about 85' from the (0001) axis, is shown in
Fig. 4. As might be expected, this lower amplitude
oscillation displays a de Haas —van Alphen temperature-
dependence. A calculation of the effective mass yields
the value 0.13m, which is compatible with the value

'4'A. S. Joseph and %.L. Gordon, Phys. Rev. 126, 489 (1962).
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0.10In obtained by Joseph and Gordon for the same
orbit.

A few data obtained at 1.8 and, 4.2'K with the
purer zinc specimen indicate rather inconclusively that
the amplitude of the oscillations may vary inversely
mith temperature, mhich is typical of giant quantum
oscillations, but experimental difBculties interfered with
further measurements on this specimen.

Line Shape of the Oscitlations. The oscillations are
sinusoidal in character, as are oscillations of the
magnetic susceptibility.

Amplitude of the Oscillations The max. imum ampli-
tude of the oscillations in the experiments with magne-
sium, realized at 81 Mc/sec and with a magnetic 6eld
of 20 lIG, was 0.8 dB/cm. This compares with a zero-
field attenuation at the same ultrasonic frequency of
approximately 18 dB/cm. (Since only the 6rst and
second echo pulses mere observed, and the second had
very low amplitude, this figure is only accurate to

50%.) The low amplitude of the oscillations suggests
that they are characteristic of the de Haas —van Alphen
regime mhere electrons from many Landau levels
participate in the absorption, and where the periodicity
is characteristic of an extremal area of the Fermi
surface according to Eq. {3).

DBBculties arise in comparing oscillation amplitudes
to the zero-Geld attenuation. Not only is the zero-Geld

attenuation measured with very low accuracy, but a
much greater limitation occurs because it is impossible
to separate contributions to the zero-Geld attenuation
arising from groups of electrons on di8erent sheets of the
Fermi surface. Thus comparison of the amplitude of a
particular oscillation arising from a single sheet to the
zero-Geld attenuation yields a ratio smaller than the
one required for comparison with theory. Homever,
SkObOV'S eXpreSSiOn fOr thiS ratiO iS (hto./Et)'I'g, l/s. and
if we equate this to the observed ratio for magnesium
we Gnd q,/ 1. This is consistent with the residual
resistivity of this specimen m'hich yields q/= j. if m~ is
assumed to be s of a free-electron mass (nt) in the

expression a =no'r/ns* for the zero-6eld conductivity.
The effective masses measured by Priestley vary from
0.01m to 1.0m.

For the purer zinc specimen the maximum amplitude
of the osclllRtlolls was appl'ox1111ately 5 dB/cII1 R't R

sound frequency of 81 Mc/sec and with a magnetic
Geld near 20 ko. This compares m'ith a zero-Geld

attenuation at the same frequency of approximately
8 dB/cm. (As was observed for magnesium, this 6gure
ls accurate 011ly to appl'oxlIllately 50%.) ThUs tile
ratio of oscillation amplitude to zero-Geld attenuation
is much greater than the ratio (0.8/18) with magnesium.
Toxen and Tansal have observed an oscillation ampli-
tude tmice as great as the zer'o-Geld attenuation in

bismuth, which may be compared with the —, ratio in
zinc.

The value of q/ for these measurements may be
estimated, just as for magnesium, by using the residual

resistivity of the specimen to estimate the electron mean
free path, If the average effective mass in the conduction
band is taken to be 0.2', a value that is central to the
range of effective masses found by Joseph and Gordon,
then ql 15 with a sound frequency of 81 Mc/sec.
Skobov's expression for the ratio of the oscillation
amplitude to the zero-6eld attenuation, (Ace,/Ef)II'

Xq,//s. , yields q, / 15 for these oscillations, in reason-

able agreement with the foregoing estimate. As an

example, oscillations corresponding to an orbit with an
effective mass of 0.2nt have an amplitude of 5 dB/cm
at 20 ko.

The dependence of amplitude on magnetic Geld is

dificult to measure due to the fact that usually oscilla-

tions from several Fermi surface segments form a
complicated pattern. Hom'ever, the over-all behavior
in both magnesium and zinc for all orientations of the
magnetic Geld is an oscillation amplitude proportional
to the magnetic Geld between 5 and 20 ko. For the
de Haas —van Alphen regime Skobov predicts amplitude
proportional to IIII', and Quinn and Rodriguez predict
H31' dependence, either of which, it might be argued,
couM be consistent with these experiments.

Two difhculties occur in reconciling experimental
results with theory. {a)The amplitude of the oscillations
does not depend on the angle between the magnetic
Geld and direction of sound propagation, as the Skobov
and Liu and Toxen theories predict. The amplitude
varies linearly with g/, or ~v., but not with q,/. Deter-
mination of the variation of amplitude with q, / is
dificult when I is rotated rather than tl. However,
despite factors that cause the amplitude to Quctuate
when H is rotated, it is apparent that the oscillation
amplitude is not proportional to cos8 in either magnes-
ium or zinc. In magnesium there is no variation and in

zinc, where the q/ value is higher, the amphtude of the
oscillations remains approximately constant when 0 is

in the range 0 to 87', and decreases in the range from
87' to 90'. An example of this decrease is shown in

Fig. 5 (b). The ratio of oscillation amplitude to zero-
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Geld attenuation is diflicult to determine experimentally
since, as mentioned previously, it is impossible to
attribute an appropriate fraction of the zero-Geld
attenuation to the group of electrons responsible for a
particular oscillation. Thus the ratios vrhich can be
determined are invariably lower than the ones required.
for comparison vrith theory. However, the maximum
amplitudes observed are the same order of magnitude
as the Skovov prediction. The expression of Eq. (6)
vras derived assuming ql)&1; however, from the exper-
imental results it appears that a very similar expression
vrould be obtained if this condition vrere relaxed and

ql 1. Because of the limited resolution of the exper-
imental technique at the present time, no oscillations
can be observed vrhen q/«1.

The decrease in anplitude vrhen 8 is near 90' shovrn

in Fig. 5 is less pronounced than the decrease that was
observed in bismuth by Toxen and Tansal. They
attempted to relate this e6ect to the fact that the group
velocity required to satisfy e, =s,/cos8 will increase
beyond the Fermi velocity ef for large enough 8. This
would only occur when cos8~10 3, that is for 8~89.9',
whereas the decrease in amplitude is pronounced at
angles much farther from 90' vrhere, indeed, e, is less
than 10-' ef unless ey is anomalously lovr.

Although ef may be much lovrer than the free-
electron value on small segments of the Fermi surface
it seems unlikely even in bismuth that suKcient
electrons vrould be involved vrith low enough velocities

( 10-' of the free-electron value) to account for an
oscillation observable vrith an anomalous amplitude
over an angle of several degrees. In zinc all observed,
oscillations shovr the amplitude decrease over a 3'
range so that small segments of the Fermi surface are
certainly not suQicient to account for this behavior.

The argument that foBovrs may ofter a more plausible
explanation of the amplitude variation vrith 8. The
amplitude of the quantum osciBations depends strongly
on the number of Landau cylinders participating in
the acoustic absorption, and decreases rapidly as that
number increases from one. The number participating
vrill depend on ~g and the topology of the regions of
the Fermi surface where k, =k,s. According to Eq. (5)
when eve &1, a range of electron wave vectors satisGes
the momenturnand energyconservation conditions in the
electron-phonon interaction. Only vrhen 8 approaches
closely to 90' does the plane in k space deGned by k,'
move from a region vrhere the tangent to the Fermi
surface is nearly parallel to the magnetic Geld, to a
region vrhere there is an appreciable angle between the
two. Under these conditions an increased number of
Land. au levels vrill intersect the Fermi surface within
the range of allowed k, specified by Eq. (5) and the
amplitude of the oscillations should then decrease.
When 9=82', the k,s plane is approxtmately one fiftieth
of the distance from the plane k,=0 to the plane of
maximum Fermi momentum in the 2' direction. Thus

there will be very little eGect as 8 is increased from 0
to 82' and possibly a considerable effect thereafter.

Epee ef the electron spsN. Spin-splitting of absorption
peaks vras observed in zinc for oseillations identified by
Joseph and Gordon to correspond with the n or cigar
orbit. The results obtained are the same as those
reported and discussed brieQy by Myers and Bosnell. '~

It should perhaps be emphasized that the spin-splitting
of the absorption peaks remains a constant fraction of
the period A(I/H) of the oscillations, for all orientations
of the magnetic Geld. The g factors calculated by
Myers and Bosnell from the spin-splitting vary vrith
orientation of the magnetic Geld, but this variation is
due entirely to variation of the effective mass, which is
obtained from other sources and used in the calculation.
No spin-splitting of absorption peaks vras observed in
magnesium.

SUMMARY

Lovr-amplitude quantum oscillations were observed
in magnesium and zinc vrhen q/ 1. These oscillations
are similar to d.e Haas-van Alphen oscillations of the
magnetic susceptibility in periodicity, temperature
dependence of the amplitude, and line shape. The
Skobov theory of acoustic attenuation for the de
Haas-van Alphen regime is successful in predicting all
three features. It is noted that the Skobov expression,
Eq. (6), is identical in form with expressions derived
for quantum oscillations of the magnetic susceptibility
vrith the exception of a eodBcient determining the
amplitude.

The oscillations of much larger amplitude that have
been observed in the purer zine specimen are character-
istic of a regime intermediate betvreen the de Haas-
van Alphen and giant-quantum-oscillations regimes.
DifEculty exists here in comparing experimental results
with theory since in this regime the acoustic attenuation
has been expressed only in the form of an integral
equation derived. by Liu and Toxen. The amplitude of
the oscillations depends on the fact that the sound vrave
can interact vrith electrons on only a few Landau
cylinders vrhose number is determined by a rather
narrow resonance factor. The number of Landau levels
participating is approximately proportional to I//cur

and thus the amplitude is approximately proportional
to oov.

The amplitude of all oscillations observed in zinc
and magnesium is proportional to the sound frequency,
but not to the angle between tI and H, except when this
angle is near 90'. Thus the amplitude is proportional
to aux or q,t, but not to q,/. This behavior is not consistent
vrith the conclusions stated by Liu and Toxen, although
a reinterpretation of their calculations in which / is
replaced by /, appears reasonable.

's A. Myers and J. R. Bosnell, Phys. Letters 17, 9 (1965).




