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The bilinear response of an interacting electron gas to an external electromagnetic field is investigated by
many-body perturbation theory. The Coulomb interaction and the interaction of the electrons with the
external field are treated as perturbations on the motion of the free electrons. The analysis is based on the
pair approximation introduced by Gell-Mann and Brueckner to treat the Coulomb interaction up to all
orders. In the perturbation expansion, terms up to the second order in the external Geld are retained in order
to calculate expectation values of the current and charge densities in the perturbed state. By interpreting
the results obtained for the linear and bilinear current densities in terms of the induced Geld set up in the
high-density electron gas, these are shown to be equivalent to the results which may be derived by using a
self-consistent-Geld approach.

I. INTRODUCTION

OR a weak external probe it is enough to consider
only the linear response of a physical system.

However, when one deals with the interaction of the
system with a sufficiently strong external field, one has
to go beyond this linear theory. For finding the bilinear
electromagnetic response of an electron gas, one has to
calculate the part of the induced polarization P or the
current density J= ctP~ r)t, which varies bilinearly with
the external field. Recently, a self-consistent-field (SCF)
technique to calculate the induced nonlinear polari-
zation of an electron gas has been developed. ' ' The
external electromagnetic field is assumed to contain
both the longitudinal and transverse components. In
this approach one considers the electrons to be moving
independently in a SCF which is set up due to the com-
bined eBect of the induced motion of the electrons and
the external field. This field is the self-consistent so-
lution of Maxwell's equations and the equation de-
scribing the motion of the electrons. One does not
consider the Coulomb interactions among the electrons
explicitly in the SCF calculation. Khrenreich and
Cohen' have, however, shown that the SCF result for
the linear longitudinal polarization of an electron gas
is equivalent to that calculated in the "random phase
approximation" developed by Bohm and Pines' for
treating the electron interactions. This result may also
be obtained in a similar approximation called the "pair
approximation", introduced by Ge&1-Mann and Brueck-
ner7 8 to treat the Coulomb interaction up to all orders
in diagrammatic many-body perturbation theory. The

' A. S. Pine, Phys. Rev. 139, A901 (1965).
2 S. S. Jha, Phys. Rev. 145, 500 (1966).' For the classical SCF approach see S. S. Jha, Phys. Rev. 140,

A2020 (1965).
4

¹ Bloembergen and Y. R. Shen, Phys. Rev. 141, 298 (1966).' H. Khrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959).' D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953);P. Nozieres
and D. Pines, Nuovo Cimento 9, 470 (1958).

'M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364
(1957);J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957);
A. J. Glick, Ann. Phys. (N. Y.) 17, 61 (1962).

8 C. Kittel, Quantum Theory of Sol@s (John Wiley R Sons,
Inc., New York, 1963), Chap. 6.

j.50

important feature of the pair approximation is that the
energy-momentum transfer at each Coulomb vertex in
any diagram is assumed to be always the same. For a
high-density electron gas, these diagrams give the most
dominant contribution.

We consider our physical system to be a gas of elec-
trons vrith a uniform background of static positive
charge equal and opposite to the average charge density
of the electrons. We treat the Coulomb interaction
among the electrons together with the external inter-
action as perturbations on the motion of free electrons.
We then explicitly calculate both the linear and bilinear
induced current densities in the electron gas. The ex-
ternal field is supposed to be either longitudinal or
transverse and the Coulomb interaction is treated in the
pair approximation. We work in a gauge where the ex-
ternal scalar potential is zero and the electromagnetic
fields E and H are expressed in terms of a vector
potential A alone. This means that in our approach the
interaction of the electrons and the external field is
momentum-dependent even for a longitudinal probe. To
simplify the algebra we assume the external vector
potential A to be represented by a plane wave varying
with a single frequency co. In this case the bilinear
induced current density has components varying
with frequencies zero and 2'. We calculate in this
paper only the part which varies with frequency 2'.
In order to obtain bilinear current density for the case
where the external field contains more than one Fourier
component, it should be emphasized at this point that it
is not enough to obtain the result for a single frequency
component and sum this over different Fourier compo-
nents. This is possible only in the case of the linear
response theory. However, the extension of our calcula-
tion to the general case is not very dificult and we
would restrict ourselves to a single Fourier component
in the external potential.

In Sec. II we describe the mathematical formulation
of the problem. In Sec. III we sum up the contributions
to the induced current density from all those terms in
the perturbation expansion which are linear in the exter-
nal 6eld. In Sec. IV we sum up all the diagrams up to
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second order in the external 6eM and. thus find the in-
duced polarization which varies bilinearly with the
external Geld. The coeKcient of the bilinear polarization
is the bilinear response function for the electron gas. A
careful interpretation of our results shows that these
are equivalent to expressions which one would obtain
if one used the SCF technique for his problem.

where

X'=X,+X,„,

XI Cg+, tCg Ck.tCg-+, —nj, (2.6)

A(x, t) = aie'& *e '"' (2 1)

II. MATHEMATICAL FORMULATION

I et us consider an electron gas in the presence of an
external vector potential A(x, t) given by'

V(q') =47re'/q",

X, =hi+h2,

hi= 2(k+q I » I
k)C.+,'C.e-'"',

(2.7)

(2.8)

(2.9)

X=XO+X', (2.2)

where Ko is the kinetic energy of the electrons and the
perturbation K' contains their Coulomb interaction
and the interaction with the external field. In the nota-
tion of the second-quantization formalism, " these are
given by

XO QEkCk Ck ) (2 3)

where a. is either longitudinal or transverse and where
co is assumed to contain an arbitrarily small positive
imaginary part. The Hamiltonian for such a system
may be written as

h2 P(k+2q I
v2

I
k)Cq+2~tCqe

k
(2.10)

(k+q I
vi I k) = (eh/mc)ai. (k+-,'q),

(k+ 2q
I
v2

I k) = (e'/2mc') ai ai.

(2.11)

(2.12)

In Eq. (2.6) the summation over q' excludes the term
q'=0 and e is the number density of the electrons.

At time t= —~, let the system be in the unperturbed
ground state C0 (single-particle momentum states filled
up to the Fermi momentum Ah~). In the interaction
representation the state of the system at time t may then
be written as

E/, = h'h'/2m, (2.4) where
C(t)= U(t, —~)C, , (2.13)

and

dt dt dt. {X'(/,,)X'(r,) .X'(&„)}, (2.14)

X'($)—e(//@)xo&X'e( —i/@)KO& —X ($)+.h (g)+h ($)

X,(/) =,p' p p y(q') LC~+,tC„,C~„tC„„,e('/&) (eg,+,,—Eg,—rs„+~+ay") /

gl k I kl /'

(2.15)

(2.16)

hi(/) =&(k+qI» Ik)C&+,tC&ew»&E/+ (2.17)

h2(t) =p(k+ 2q
I

vm I k)Cq+m, tCqe&'/"& &~~+2a s~m""&' (2.18)

Since we are interested in only those terms in U which are either linear or bilinear in a~, let us write

U= 1+Ui+ U2+.

U '=1—Ui —Ug+UiUi+

(2.19)

(2.20)

where U& and U2 contain terms which are linear and bilinear, respectively, in the external potential. In the inter-
action representation the operators for the charge density p and the current density J are

p,v(]) =—ePe'~'*PC/, tC~+~ e& ~//o~ ~+~ —e»'
ql k

(2.21)

' Strictly speaking, we should add the complex conjugate term corresponding to the erst term on the right of Fq. (2.&). However,
we are not interested in calculating the bilinear polarization varying with frequency zero. The part of the bilinear polarization vary-
ing as e""' is the quantity which is the complex conjugate to the part of the bilinear polarization varying as e ""', which we would
calculate in this paper,"See Ref. 8.
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eIt e2

J»(f) = ——Qe'&'*Q(k+rq')C tC e&'&@&ea+s' ai' ——atpe's'*QC tC&,+s se& 't"&e&+s'—a Ea ' (2.22)
1Ã q k mc

respectively.
The induced linear charge and current densities vary as e'q e '"' because of the form of the external potential

given by Eq. (2.1). For the same reason the bilinear induced current density varies as e"s'*e ""', and it may also
be shown" to be longitudinal if a~ is either longitudinal or transverse. The longitudinal part of the current density
and the polarization may be obtained from the knowledge of the induced charge density alone, by using the
relation

BpjBf= —V BP(R= —V.J. (2.23)

Thus in the present case, it is enough to know the current density Jt(q)e's'*e '"', which is of the erst order in the
external potential, and the charge density p&(2q)e"s *e ""'which is of the second order in the external potential.
The expectation value of any operator O,~ at time t is given by

From Eqs. (2.19)—(2.23) we therefore find

(o)=(c, i
U-'o.,(f)L i c.). (2 24)

and

Ji(q)= —(e'at/@ac)(C»~QC&tC&~qs) —(eh(m)(Cs~LP(k+sq)CktC&+, e& '&@&ca+& E" """U't)~Cs), (2.25)

mq ezvq

Js(2q) =—ps(2q) = — —(es
~
)PC] tC +sse& &&@&8&+su E& s@~~ Zrs]

t es)
q2 q2 k

earq
(g&s

~
Lpt+C~tC~ s e&

—&/@i &ea+ss —Ea—a~i Utj
~
g)s) (2 2{j)

In the next two section we will calculate Ut and Us to find Ji(q) and Js(q).

III. LINEAR INDUCED CURRENT DENSITY

For calculating the linear response to the external perturbation it is enough to know the operator U~. Uj consists
of all the terms in Eq. (2.14) which are linear in hi and which do not involve hs. The contribution of the term
which involves no Coulomb interaction may easily be obtained after a simple integration, and it is given by

e(i/A) (Ek+q—Ek—Ace) t

v, &»=-g( +&~»~k)
k Ek+q —Ek—AK —Z6

(3.1)

The contribution of the terms which involve the Coulomb interaction only once (see Fig. 1) may be calculated in
the pair approxima tion and it may be written as

e(s/A) (Ek+q—Ek—A(o) t

where by definition

Ut = V(&f)g(k'+q
~
vt

~
k')M(k', q,te)P

kf k Ek+q —Ek—Itl8 —$6
(3.2)

M(k', q,&o) =—fo(~a +,)—fs(~a )

+k'+ q +P' AK' M
(3.3)

and where in anticipation of the fact that Uy finally is going to operate on the ground state Co, we have replace

Fia. 1. Diagrams which are con-
sidered to calculate UI.

v(q)

l, k+q

I, k

"The bilinear terms which can occur are of the form (a~ q)a&, (ar a~)q and (a& q)'q.



416 SUDHANSHU S. JHA

the operators like Ck tck by fp(Ek. ), the Fermi distribution function. The problem of summing Ut&P& Urf'1, Utt"
etc�.

, may be transformed into an integral equa tion and the solution of this gives the sum U & as

e (i / A ) (Ek+.q—Sk Ace ) t

U, = U, fol+. U, t l+ U, f l+" "=—P&k+q I
p, I k), Ck+,tC„

k Ek+ q
—Ek—I N —'l6

(3.4)

where reduce them to the form

(q, )
J long(q) a long

cq' 1+V(q)M(q, &o)

e2@)2

(3.10)

e'e e')'s' (kX q) '
a,e

mC nz2C /c q2
and where

fp(Ek+p) f0(Ek)
M(q, (o) =QM(k, q,co) = —P . (3.6)

~Q) Ze In order to compare these wi th the SCF calculation
let us now relate the external potential a~ to the SCF
potential ar(SCF) by the relation E(SCF)+4g P= E, „.
With the use of Maxwell's equations this implies

If we note that fp(Ek) is an even function of k and that
the It-dependent term in Ek+p Ek is o—f the form k q,
then by using Eq. (2.11) we may show that the second
term on the right-hand side of Eq. (3.5) is zero if at is
transverse. This implies the we11-known fact that in our
approximation there is no screening of the externa, l

potential if it is transvers e. Let us, therefore, split
Ry as

(qX a,"'(SCF))Xq =—at"'(SCF)
C2

4x
+—Jt"'(q) = (qXat") Xq) (3.12)

C

&k+q I» I ).= &k+ql » I k)

Zk (k'+q
I
pt

I
k'&M(k', q,~)—V(q) (3.5) and

1+V(q)M(q, pp)

at= (at. q/q')q+ (qXat) Xq/q', (3.7)

where the erst term is zero if a~ is transverse and the
second term is zero if it is longitudinal. Equation (3.5)
may then be simplified to

eI
(k+ql»l k).=—» (k+-'q)

epp at. q V(q)M(q, tp)
(3.8)

c q' 1+V(q)M(q, &o)

Using Eqs. (2.25), (3.3), and (3.4) the linear current
density may now be calculated and we find

and
artong(SCF)+ (4a c/pp') J»ng(q) = ar'ong. (3.1 3)

From Eqs. (3.10), (3.12), and. (3.13) we therefore find

ar" (SCF)=ar" (3.14)

long

a long(SCF)
1+V(q)M(q, (v)

(3.15)

Substitutions of these relations in Eqs. (3.10) and (3.11)
lead to the results which are identical with the SCF
calculation. "The longitudinal dielectric constant p(q, &v)

in our notation is just the quantity 1+V(q)M(q, pp).

IV. 8II INEAR INDUCED CURRENT DENSITYe2e eI
J (q) = — a +—Z(k+lq) In order to calculate the current density Js(2q) from

DEC

X&k+q I
»

I k) M(k q ) (3 9) Eq. (2.26) we must first find Us. Us contains all those
terms in Eq. (2.14) which are either bilinear in ht or

Using Eqs. (3.7) and (3.8), this may also be split into linear in hs. The contribution of the diagrams with no
longitudinal and transverse components and we may Coulomb interaction (see Fig. 2) may be written as

1—fp(Ek+p) fp (Ek+p)Us"'= 2 &k+2ql »
I k+q&&k+ql » I k&

k -+k+q +k AM Z6 Ek+2q Ek I GO

e2 e (i /4) (Ek+2q
—gk—2A(o) t

8$' 8$ Ck+s,tck, (4.1)
2mC2 Ekg2q —Ek—2 Ao) —2j~

where again we have replaced operators of the form Ck+ptck+p by fp(Ek+p). One may introduce Coulomb inter-

"Compare with Eqs. (3.11) and (3.13)—(3.16) of Ref. 2, after changing the summation (27r) ' Qk (occupied states) of that paper to
gkfp(Ek). Also, a& in that paper is our a& (SCF).
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h)
~, k+q

FIG. 2. Types of diagrams con-
sidered for U~. All the diagrams with
difterent time orderings have not been
shown.

v(q)

)(k+2q

I
k+q +'

h)

, (k+2q

k+q + '

v(q)

h) k

iik+2q

v(zq) + ~ ~ ~ ~ ~ 0 + + ~ ~

hp

actions in the diagrams containing h& twice, in two different ways. We would either modify these two interaction
vertices separately or let them act together and then introduce the modifications (see Fig. 2). When we sum up all
such diagrams and diagrams containing h2, we obtain

1—fo(Eking) fo(Ek+, )
U, =Q (k+ 2q

~
vi

~
@+q),(k+q

~

v,
~
k),

k Ek+ q ~k PlGO Z 6 8k+2 q L~k+ q AM

V(2q)
—2{k'+2q

~
»

~
k'+q). (k'+q

~
»

~

k').V(k', q, q,~,~)
[1+U(2q) M(2q, 2(v) j k'

where

e2 ar aJ e ( '/A) (Ek+2q—Ek—2b ) t

Ck+2q Ck y (4 2)
2mc' (1+V(2q)M(2q, 2~) j Ek+&, Ek 2hcv—2ic— —

fo(Ek+s ) foEk+ ) f—o(Ek'~ )—fo(Ek)
(4.3)LV(k', q,q, (o,(o)=

Ek' 2 AG) 216 Ek'+2q Ek'+g AM z 6 Ek'+q Ek' Ig z6

The quantities M(2q, 2a), (k+q(vi(k)„, and (k+2q(vi~k+q), needed in Eqs. (4.2) and (4.3) may be obtained
from Eqs. (3.6) and (3.8).

From Eqs. (2.26), (3.4), (4.2), and (4.3) we then find

where

J~(2q) =—
e3Adq cog

P(k+2q
~

vi
~
k+q).(k+q

~
vi

~
k)..V(k, q, q,~,a))+ ai aiM(2q, 2'), (4.4)

q'e(2q, 2a)) k q'e(2q, 2(o) 2mc'

e(2q, 2(u) = 1+V(2q)M(2q, 2(u) . (4.5)

q
Jp(2q) = 2icoPg(2q—)= Pa, (SCF) (k+-', q)a, (SCF) (k+-,'q)A(k, q, q,~,co)

e(2q 2(o) m'c'q' k
3

Q et'
ai(SCF) ai(SCF)M(2q, 2'), (4.6)

e(2q, 2~) 2mc'q'
for ai(SCF) either longitudinal or transverse.

We may rewrite the above results in terms of the self-consistent potentials ai(SCF) by using Eqs. (3.8), (3.14),
and (3.15). These expressions may be simpli6ed further by splitting ai(SCF) according to Eq. (3.7), and using the
known properties of fo(Ek) and the known forms of energy denominators in M and 1V. With these simplifications
we may reduce J~(2q) to the form

e'II')
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The induced. polarization Ps(2q) in Eq. (4.6) is the
total longitudinal bilinear polarization at frequency 2&v.

However, in the SCF calculation the total longitudinal
polarization at 2' is written as

q Ps ——q Pss F(Linear)

+q Ps F(Nonlinear), (4.7)

where

4srq Ps P&r„.&=(e(2q,2~)—1)(2i&o/c)q as(SCF). (4.8)

Further,

(2iro/c)q as(SCF)+47rq Ps' lr. )

+4q'Ps ~Nr, &=O, (4 9)

since there is no external potential at frequency 2&v.

Equa, tions (4.7) and (4.9) then lead to

comparison, if we calculate this for our case, we 6nd
that Js ~(2q) is identical with the expression given by
Eq. (4.6) which has been obtained in the many-body
perturbation theory.

V. DISCUSSION

From the preceding calculations for both the bnear
and bilinear induced current densities in an electron
gas, it is clear that the many-body perturbation theory
gives results which are identical with the SCF calcu-
lation. However, this has been derived in the pair
approximation for the Coulomb interaction. This
approximation is valid only for densities which are
much higher than electron densities in the most favor-
able metals. Moreover, in order to treat the case of real
metals the uniform positive charge must be replaced
by a lattice of positive ions.

JssoF(NL)
Js F(2q) = —2mPs (2q)=, (4.10)

e(2q, 2co)
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The nuclear magnetic resonances have been observed for Li7 and Cd"3 in LiCd and for Li and Zn'7 in
LiZn. The Knight shift for LiCd"' is 0.39%, for LiZn" 0.20%, for Li'Cd or Li'Zn less than 0.01%. An
energy-band scheme is proposed for NaT1 as well as LiCd and LiZn.

I. INTRODUCTION

'HE Zintl phase' (8-32 structure, Fig. 1) is an
ordered intermediate phase ("compound" ) whose

prototype is NaT1. Several other compounds of ele-
ments of groups I and III of the periodic table, as well
as LiCd and LiZn which are from groups I and II,
crystallize in the 8-32 structure. In this structure,
based on the body-centered-cubic (bcc) lattice, the two
components each form a diamond lattice, which are in-
terpenetrating. Thus, in the stoichiometric proportion,
each atom has eight nearest neighbors, four like and
four unlike. It has been proposed'' that in the I—III
compounds the alkali metal transfers its valence elec-
tron to the heavy metal which then behaves like Ge or Si,

' E. Zintl and G. Bauer, Z. Phys. Chem. B20, 245 (1963).
2 W. Huckel, Structural Chemistry of Inorganic Compounds,

translated by A. H. Long (Elsevier Publishing Company, Inc. ,
Amsterdam, 1951), Vol. II, p. 831.

forming a diamond lattice. In the I—II compounds, it
was proposed' ' that an electron is excited from the d
shell to complete the sp' bonding for the heavy metal in
the diamond lattice. However, susceptibility measure-
ments' 4 did not show any signs of the paramagnetism
which might be expected to be associated with the
d-shell excitation. We have observed the nuclear mag-
netic resonances (NMR) for Lit and Cd'" in LiCd and
for Li~ and Zn'~ in LiZn. Again, there is no evidence
for d-electron excitation. Comparing our results with
earlier measurements on' —8 NaT1 and' LiAl, LiGa,

3 W. Klemm and H. I'"ricke, Z. Anorg. Allegem. Chem. 282, 161
(1955).

4 Y. L. Yao, Trans. Met. Soc. AIME 230, 1725 {1964).' T. J. Rowland, Ph.D. thesis, Harvard University, 1954
{unpublished); T. J. Rowland and N. Bloembergen, Acta Met.
1, 731 (1953).

'H. E. Schone and W. D. Knight, Acta Met. 11, 179, (1963).
7 L. H. Bennett, Bull. Am. Phys. Soc. 11, 172 (1965).
8 L. H. Bennett, Acta Met. 14, 997 (1966).


