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The bilinear response of an interacting electron gas to an external electromagnetic field is investigated by
many-body perturbation theory. The Coulomb interaction and the interaction of the electrons with the
external field are treated as perturbations on the motion of the free electrons. The analysis is based on the
pair approximation introduced by Gell-Mann and Brueckner to treat the Coulomb interaction up to all
orders. In the perturbation expansion, terms up to the second order in the external field are retained in order
to calculate expectation values of the current and charge densities in the perturbed state. By interpreting
the results obtained for the linear and bilinear current densities in terms of the induced field set up in the
high-density electron gas, these are shown to be equivalent to the results which may be derived by using a

self-consistent-field approach.

I. INTRODUCTION

OR a weak external probe it is enough to consider
only the linear response of a physical system.
However, when one deals with the interaction of the
system with a sufficiently strong external field, one has
to go beyond this linear theory. For finding the bilinear
electromagnetic response of an electron gas, one has to
calculate the part of the induced polarization P or the
current density J=0P|ds, which varies bilinearly with
the external field. Recently, a self-consistent-field (SCF)
technique to calculate the induced nonlinear polari-
zation of an electron gas has been developed.'™* The
external electromagnetic field is assumed to contain
both the longitudinal and transverse components. In
this approach one considers the electrons to be moving
independently in a SCF which is set up due to the com-
bined effect of the induced motion of the electrons and
the external field. This field is the self-consistent so-
lution of Maxwell’s equations and the equation de-
scribing the motion of the electrons. One does not
consider the Coulomb interactions among the electrons
explicitly in the SCF calculation. Ehrenreich and
Cohen® have, however, shown that the SCF result for
the linear longitudinal polarization of an electron gas
is equivalent to that calculated in the “random phase
approximation” developed by Bohm and Pines® for
treating the electron interactions. This result may also
be obtained in a similar approximation called the “pair
approximation”; introduced by Gell-Mann and Brueck-
ner” 8 to treat the Coulomb interaction up to all orders
in diagrammatic many-body perturbation theory. The

L A. S. Pine, Phys. Rev. 139, A901 (1965).

28S. S. Jha, Phys. Rev. 145, 500 (1966).

3 For the classical SCF approach see S. S. Jha, Phys. Rev. 140,
A2020 (1965).

4N. Bloembergen and Y. R. Shen, Phys. Rev. 141, 298 (1966).

5 H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959).

6 D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953); P. Nozitres
and D. Pines, Nuovo Cimento 9, 470 (1958).

7M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364
(1957); J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957);
A. J. Glick, Ann. Phys. (N. Y.) 17, 61 (1962).

8 C. Kittel, Quantum Theory of Solids (John Wiley & Sons,
Inc., New York, 1963), Chap. 6.
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important feature of the pair approximation is that the
energy-momentum transfer at each Coulomb vertex in
any diagram is assumed to be always the same. For a
high-density electron gas, these diagrams give the most
dominant contribution.

We consider our physical system to be a gas of elec-
trons with a uniform background of static positive
charge equal and opposite to the average charge density
of the electrons. We treat the Coulomb interaction
among the electrons together with the external inter-
action as perturbations on the motion of free electrons.
We then explicitly calculate both the linear and bilinear
induced current densities in the electron gas. The ex-
ternal field is supposed to be either longitudinal or
transverse and the Coulomb interaction is treated in the
pair approximation. We work in a gauge where the ex-
ternal scalar potential is zero and the electromagnetic
fields E and H are expressed in terms of a vector
potential A alone. This means that in our approach the
interaction of the electrons and the external field is
momentum-dependent even for a longitudinal probe. To
simplify the algebra we assume the external vector
potential A to be represented by a plane wave varying
with a single frequency w. In this case the bilinear
induced current density has components varying
with frequencies zero and 2w. We calculate in this
paper only the part which varies with frequency 2w.
In order to obtain bilinear current density for the case
where the external field contains more than one Fourier
component, it should be emphasized at this point that it
is not enough to obtain the result for a single frequency
component and sum this over different Fourier compo-
nents. This is possible only in the case of the linear
response theory. However, the extension of our calcula-
tion to the general case is not very difficult and we
would restrict ourselves to a single Fourier component
in the external potential.

In Sec. IT we describe the mathematical formulation
of the problem. In Sec. III we sum up the contributions
to the induced current density from all those terms in
the perturbation expansion which are linear in the exter-
nal field. In Sec. IV we sum up all the diagrams up to

413



414

second order in the external field and thus find the in-
duced polarization which varies bilinearly with the
external field. The coefficient of the bilinear polarization
is the bilinear response function for the electron gas. A
careful interpretation of our results shows that these
are equivalent to expressions which one would obtain
if one used the SCF technique for his problem.

II. MATHEMATICAL FORMULATION

Let us consider an electron gas in the presence of an
external vector potential A(x,f) given by®

A(x,f)=aj et xe—iwt (2.1)

where a; is either longitudinal or transverse and where
w is assumed to contain an arbitrarily small positive
imaginary part. The Hamiltonian for such a system
may be written as

Je="3Co+3¢, (2.2)

where JC is the kinetic energy of the electrons and the
perturbation 3¢’ contains their Coulomb interaction
and the interaction with the external field. In the nota-
tion of the second-quantization formalism,'® these are
given by

o= ZEkaTCk N (23)
k

Ex=%2/2m, (2.4)

w J—i\ t
Ult,—o)=1+ Z(——,—;) / dh/ dly-
n=1 —o0 —o

5(1’(1) = e iIM)Iotg0! ¢ (—i/h>ge°t=3Cc(l)+h1(t)+hz(t) ,

and

5() =3 T LV (¢)[Cuota' CuoCior Crorry eI B rba =B Eis it Bty ]
ql kl kl!
()= kak_{_q [ 11| k)Ci +q! Cie 6/ (Bt q—Ei—hw)t

ha(t) =3 (k+2q | v2]| k)Cyp 24" Cre /% (Bictaq—Ei—2ha)t |
k
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50’ = 3C,+3Cex , (2.5)
where
=322 2 V()
¢ K Kk
X[Crr4g'CuCrr ' Crrrpg—n], (2.6)
V(g)=4we*/q?, (2.7
Hox=h1+h2, (2.8)
=23 (k+q| 91| k)Citq'Crei¢¢, (2.9)
k
he=3_(k+2q [ 0| k>ck+2qfck6—2i"’t , (2.10)
k
(k+q| 1| k)= (eh/mc)as- (k+3q), (2.11)
(k+2q| vz | k)= (e2/2mc?)az - a;. (2.12)

In Eq. (2.6) the summation over q’ excludes the term
q'=0 and # is the number density of the electrons.

At time t=— w0, let the system be in the unperturbed
ground state ®, (single-particle momentum states filled
up to the Fermi momentum #%k;). In the interaction
representation the state of the system at time # may then
be written as
where

y f 5 ()3 (1) -5 ()] (2.14)

(2.15)
(2.16)

(2.17)

(2.18)

Since we are interested in only those terms in U which are either linear or bilinear in a, let us write

U=1+U+Us+---,
U_1=1—U1"‘"U2+U1U1+"',

(2.19)
(2.20)

where U; and U contain terms which are linear and bilinear, respectively, in the external potential. In the inter-
action representation the operators for the charge density p and the current density J are

Pop()=— eZeiq"‘ZCkTCkﬂre(“i/") (Egtq—Ex)t
k

q

(2.21)

® Strictly speaking, we should add the complex conjugate term corresponding to the first term on the right of Eq. (2.1). However
we are not interested in calcul.a,tu‘ng the bilinear pola:rlza.tion varying with frequency zero. The part of the bilinear polarization vary:
ing as et is the quantity which is the complex conjugate to the part of the bilinear polarization varying as ¢ %+t which we would

calculate in this paper.
10 See Ref. 8.
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and
e2

eh
Joo() = —— Y et xY_ (k+31q')Ci Crpqre i/ Frtq—ER) b — —q, > it 3" C Lt Cp v e i/ Bl qr—q—ER) 2.22
p - 24 +q - a'—q ’
m q me  a

respectively.

The induced linear charge and current densities vary as ¢ %%t because of the form of the external potential
given by Eq. (2.1). For the same reason the bilinear induced current density varies as %%t and it may also
be shown!! to be longitudinal if a; is either longitudinal or transverse. The longitudinal part of the current density
and the polarization may be obtained from the knowledge of the induced charge density alone, by using the
relation

dp/dt=—V-0P/ot=—V-]J. (2.23)

Thus in the present case, it is enough to know the current density J1(q)e? *e~%¢, which is of the first order in the
external potential, and the charge density p2(2q)e?*e-%¢~%%! which is of the second order in the external potential.
The expectation value of any operator O, at time ¢ is given by

(0)=(20| U0, U | ®0)- (2.24)
From Egs. (2.19)-(2.23) we therefore find

J1(q) = — (e*a1/mc)(@o| ZCi'Cic| @o)— (e7t/m){@o| [ (k+3Q) Cicl Ciepqe T Fleta=Fit)t, Uy ][ do),  (2.25)
k k

and
wq ewq .
J:(29)= _292(2(1) = _—;@’0 | (X Cit Cieqaqe TP FretzqFi2ialt [7,7]] &)
q q k

e
0| LU Gl iyt Brtaasicsnort, U] ). (2.26)
q k

In the next two section we will calculate Uy and U, to find Ji(q) and Ja(q).

III. LINEAR INDUCED CURRENT DENSITY

For calculating the linear response to the external perturbation it is enough to know the operator U;. U, consists
of all the terms in Eq. (2.14) which are linear in %, and which do not involve %;. The contribution of the term
which involves no Coulomb interaction may easily be obtained after a simple integration, and it is given by

£(i1%) (Bt q—Ei—ha)t

UI(O) = __.Z<k+q| 1 I k> - Ck+q1-Ck. (3'1)
- e B i

The contribution of the terms which involve the Coulomb interaction only once (see Fig. 1) may be calculated in
the pair approxima tion and it may be written as

e(ilh) (Bx+q—Ex—hw)t

UL = V(X (K +aq|o: | K)M (K ,q,0)% ~CierqCi, @.2)
k/ k

cra— Bie— fw—ie

fo(Exrq)— fo(Exr)

’
k4q Ek' —hw— 1€

where by definition

M(klyq,w) = (3.3)

and where in anticipation of the fact that U, finally is going to operate on the ground state &, we have replaced

k+gq

. k+q  Via)
Fic. 1. Diagrams which are con- + A K + k+ta ...,
sidered to calculate Us. hy « n, /\J,‘TJ\Q

Lk

11 The bilinear terms which can occur are of the form (a;-q)ay, (ar+a1)q and (a:-q)%q.
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the operators like Cy 1Cw by fo(Ew), the Fermi distribution function. The problem of summing U,©®: UM, U,®
etc., may be transformed into an integral equation and the solution of this gives the sum U; as

e(i/h) (Ex+q—Exk—hw)t

Ui=U,O+ U, 04U, @4 .. ="“Z<k+q|7}1]k>c Ck+qTCk, (3_4)
k k+q—Ek_ hw—1ie
where reduce them to the form
k+q|v1] Yo= (ktq| 1|k e%? M(q,0)
< I 11 > < | 1| ) Jllong(q)=_io__allong s (3.10)
2wk +qf o | k)M (K ,q,0) cq? 14+V(9)M (g,0)
—V(g) (3.5) and
1+V(g)M(q,w) en e2h? (kX q)?
and where Ji(q) = ——art'——ayy M(k;q,‘*’) . (3.11)
mc mi k¢

o( By o) — folFx)
M (q,w)=§M(k,q,w)=~Z JolBara) = . (3.6)

k Fyyq— Ex— hw—1e

If we note that fo(Ex) is an even function of k and that
the k-dependent term in Fyyq— Fx is of the form k-g,
then by using Eq. (2.11) we may show that the second
term on the right-hand side of Eq. (3.5) is zero if a; is
transverse. This implies the well-known fact that in our
approximation there is no screening of the external
potential if it is transverse. Let us, therefore, split
a; as

a=(ar-¢/¢*)q+(aXa) Xa/¢*, 3.7

where the first term is zero if a; is transverse and the
second term is zero if it is longitudinal. Equation (3.5)
may then be simplified to

eh
(k+q|v1| k)e=—a2;- (k+3q)
mc
ewarrq V(g)M(qw)
¢ ¢ 14+V(QM(ge)

Using Egs. (2.25), (3.3), and (3.4) the linear current
density may now be calculated and we find

en

eh
Ji(q)=——a;+— Y (k+1q)
mc m k
X (k+q| 21| k)M (k,q,).

Using Egs. (3.7) and (3.8), this may also be split into
longitudinal and transverse components and we may

3.9

In order to compare these with the SCF calculation
let us now relate the external potential a; to the SCF
potential a;(SCF) by the relation E(SCF)+4wP=E .
With the use of Maxwell’s equations this implies

2

w
(X a,*(SCF)) X q= —231“(SCF)
C

4ar
—i-le"(q) =(qXai")Xq) (3.12)

and
a e (SCF)+ (dme/w)Tioe() =ar™"s.  (3.13)

From Egs. (3.10), (3.12), and (3.13) we therefore find

2, (SCF) = a;* (3.14)
and
a long
aons(SCH)=—— (3.15)
1+V(9)M(q.w)

Substitutions of these relations in Egs. (3.10) and (3.11)
lead to the results which are identical with the SCF
calculation.!? The longitudinal dielectric constant e(q,w)
in our notation is just the quantity 14V (¢)M (q,w).

IV. BILINEAR INDUCED CURRENT DENSITY

In order to calculate the current density J2(2q) from
Eq. (2.26) we must first find Us,. U, contains all those
terms in Eq. (2.14) which are either bilinear in %; or
linear in k. The contribution of the diagrams with no
Coulomb interaction (see Fig. 2) may be written as

U2(°)=§ {(k+2q] 01| k+q)(k+q| ”1[k>[

1~ fo(Exyq) So(Eitq) ]
Ek+q *—Ek— hw— ie Ek+2q “Ek— hw—te
o2 elil#) (Bxt2q—Ex—2hw)t
- a1 A Ck+2 "Ck (4.1)
2me? lEk+2q~Ek~ 2hw—2ie

where again we have replaced operators of the form CiyqiCiiq by fo(Eiiq). One may introduce Coulomb inter-

12 Compare with Egs. (3.11) and (3.13)-(3.16) of Ref. 2, after changing the summation (2r)% }"x (occupied states) of that paper to

Sk fo(Ex). Also, a; in that paper is our a;(SCF).
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k+2q k+2q
" k+q + +
h k
hl K 2
Lk+2q k+2q
Fic. 2. Types of diagrams con- ———- ANNNNNNY
sidered for Us. All the diagrams with m[\/g viq) h,
different time orderings have not been ~ - k+q -+ k¥q F+ oo o
shown. L R S PSP
W\J"Q v
[aVAVAVAVAVAV A¥
h K h K
k+2q k+2q
hy T vy
SR I AR S (A B
: k [
h' hy

actions in the diagrams containing %, twice, in two different ways. We would either modify these two interaction
vertices separately or let them act together and then introduce the modifications (see Fig. 2). When we sum up all
such diagrams and diagrams containing 4., we obtain

[ ’ 1— fo(Eictq) FolErgq) J

U= { (k+2q[ v | k+q)(k+q|v: | k).

k k+q'_Ek'—' fw—1e Ek+2q*Ek+q—hw—ié
V(Zq) ’ ’ . / N A1/
- 2 (k' +2q o k' +a)(k'+q] o1 | K)oV (K ,q,9,0,0)
[1+V(29) M (29,20)] ¥
e? a;-a; l e(i/%) (Ext+2q—Ex—2hw)t
- ) ] Ck+2qfck ) (4'2)
2me? [14+V(29) M (20,20) 1) Freyoq — Fr— 2heo— 2ie
where i
. 1 Jo(Ewi2q)— foEwia)  fo(Ewtq) — folEi)
N(K',q,q,0,0)= ) (4.3)

wrr2q — B — 20— 2ie | Fyryq— Boryq— hw—i€  Fyopq— Fao— hw—ie

The quantities M (2q,20), (k+q|v:1|k)., and (k+2q]|2:|k+q). needed in Eqs. (4.2) and (4.3) may be obtained
from Egs. (3.6) and (3.8).
From Egs. (2.26), (3.4), (4.2), and (4.3) we then find

ewq wq el
3:(2q)= ——————3(k+2q|n| k+a)(k+q|o| k). V(kq,q0,0)+———
7%(2q,20) x ¢%€(2q,2w) 2mc?

ar-aiM (2q,20), (4.4)

where

€(2q,20) =1+ V(29) M (2q,20). (4.5)

We may rewrite the above results in terms of the self-consistent potentials a;(SCF) by using Egs. (3.8), (3.14),
and (3.15). These expressions may be simplified further by splitting a,(SCF) according to Eq. (3.7), and using the
known properties of fo(Ex) and the known forms of energy denominators in M and N. With these simplifications
we may reduce J»(2q) to the form

— 63h2w

12(2(]) = — Zin2(2q) =

(2 2 ) 20202 x al(SCF) ) (k %q)al(SCF)'(k l %q)N(k,q,q,w,w)
€(2g,2w) m2%
q e*w

€(2¢,20) 2mc?q?

a,(SCF)-a:1(SCF)M (29,20), (4.6)

for a;(SCF) either longitudinal or transverse.
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The induced polarization Py(2q) in Eq. (4.6) is the
total longitudinal bilinear polarization at frequency 2.
However, in the SCF calculation the total longitudinal
polarization at 2w is written as
q- P:SCF=q- P,3CF(Linear)

+q-P,5CF(Nonlinear), (4.7)

where
47!'(]' PzSCF(Lin_) = {6(2(],260)— 1} (Ziw/c)q- az(SCF) . (48)
Further,

(2iw/c)q- as(SCF)+4mq- Po5CF 110y

+4q-P3%% (y1y=0, (4.9)
since there is no external potential at frequency 2w.
Equations (4.7) and (4.9) then lead to

J,SCF(NL)
Jo5CF(2q) = — 2iwP:SCF (2q) =————, (4.10)
€(29,20)
where J55CF(q) is longitudinal. General expressions for
J,SCF(NL) have been given both in Refs. 1 and 2. For
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comparison, if we calculate this for our case, we find
that Jo8C¢F(2q) is identical with the expression given by
Eq. (4.6) which has been obtained in the many-body
perturbation theory.

V. DISCUSSION

From the preceding calculations for both the linear
and bilinear induced current densities in an electron
gas, it is clear that the many-body perturbation theory
gives results which are identical with the SCF calcu-
lation. However, this has been derived in the pair
approximation for the Coulomb interaction. This
approximation is valid only for densities which are
much higher than electron densities in the most favor-
able metals. Moreover, in order to treat the case of real
metals the uniform positive charge must be replaced
by a lattice of positive ions.
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Nuclear Magnetic Resonance in Zintl Intermediate Phases
LiCd and LiZn
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The nuclear magnetic resonances have been observed for Li?7 and Cd! in LiCd and for Li? and Zn® in
LiZn. The Knight shift for LiCd is 0.399%, for LiZn® 0.209, for Li’Cd or Li’Zn less than 0.01%,. An
energy-band scheme is proposed for NaTIl as well as LiCd and LiZn.

I. INTRODUCTION

HE Zintl phase! (B-32 structure, Fig. 1) is an
ordered intermediate phase (‘‘compound’’) whose
prototype is NaTl. Several other compounds of ele-
ments of groups I and IIT of the periodic table, as well
as LiCd and LiZn which are from groups I and II,
crystallize in the B-32 structure. In this structure,
based on the body-centered-cubic (bcc) lattice, the two
components each form a diamond lattice, which are in-
terpenetrating. Thus, in the stoichiometric proportion,
each atom has eight nearest neighbors, four like and
four unlike. It has been proposed’? that in the I-III
compounds the alkali metal transfers its valence elec-
tron to the heavy metal which then behaves like Ge or Si,

1E. Zintl and G. Bauer, Z. Phys. Chem. B20, 245 (1963).

2W. Huckel, Structural Chemisiry of Inorganic Compounds,
translated by A. H. Long (Elsevier Publishing Company, Inc.,
Amsterdam, 1951), Vol. II, p. 831.

forming a diamond lattice. In the I-II compounds, it
was proposed!? that an electron is excited from the d
shell to complete the sp® bonding for the heavy metal in
the diamond lattice. However, susceptibility measure-
ments®* did not show any signs of the paramagnetism
which might be expected to be associated with the
d-shell excitation. We have observed the nuclear mag-
netic resonances (NMR) for Li” and Cd™ in LiCd and
for Li” and Zn® in LiZn. Again, there is no evidence
for d-electron excitation. Comparing our results with
earlier measurements on®® NaTl and® LiAl, LiGa,

( 3 W. Klemm and H. Fricke, Z. Anorg. Allegem. Chem. 282, 161
1955).

4Y. L. Yao, Trans. Met. Soc. AIME 230, 1725 (1964).

5T. J. Rowland, Ph.D. thesis, Harvard University, 1954
(unpublished); T. J. Rowland and N. Bloembergen, Acta Met.
1, 731 (1953).

6 H. E. Schone and W. D. Knight, Acta Met. 11, 179, (1963).

7 1. H. Bennett, Bull. Am. Phys. Soc. 11, 172 (1965).

8 L. H. Bennett, Acta Met. 14, 997 (1966).



