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Quantum-Mechanical, Microscopic Brownian Motion
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Recently, the Fokker-Planck (F-P) equation, satisfied by the phase-space distribution function of a
Brownian (B) particle, has been derived from the Liouville equation, satisfied by the phase-space distribu-
tion function of the composite system, 8 particle plus Quid. Ke have started from a strictly quantum-
mechanical formulation of the problem, using a density-matrix description of the composite system, and
have shown that in an appropriate classical limit the F-P equation results. To lowest order in A, our tech-
nique gives the same expression for the friction coefBcient obtained earlier from the Liouville equation.
In principle it yields corrections to the F-P equation to all orders in A. We have shown that for a uniform
Quid, the quantum corrections to the F-P equation to 6rst order in A appear only as a shift in the friction
coefficient. If the classical friction coefhcient Po is replaced by Pp+Af&, with an appropriate P&, then the F-P
equation is given correctly to order A. There is a difference in the mass dependence of fo and f& which sug-
gests the existence of an isotope effect in the mobility of a particle moving through a quantum Quid. The
technique employed in the derivation is to consider the expectation value of the density matrix of the
system in a state in which the position and momentum of the particles are known with maximum accuracy
(Kennard packet). This expectation value p. is an appropriate, positive, semiclassical phase-space distribu-
tion function. An appropriate equation is derived for p, which to lowest order in 4 is the Liouville equation.
The remainder of the derivation is similar to the derivation in the classical case (a suitable projection
technique is used).

I. INTRODUCTION
' 'N the theory of Brownian motion, the Fokker-Planck
- - equation occupies a central position. ' Let M be the
mass of a Brownian (B) particle interacting with a Quid
of particles of mass sss (sss«M), and let R and V be the
position and velocity of the B particle. Then the proba-
bility at time t that the B particle will be found in the
region dR at R and that its velocity will be in the region
dV at V is f(t; R,V)dRdV. The function f(t; R,V) is the
phase-space distribution function of the B particle and
it is an appropriate solution of the Fokker-Planck
equation

af af af a—+V +tM-'Y =i V+(P~) ' f (11)
at aR aV aV aV

In (1.1) Y is the total nondissipative force acting on the
B particle, f is the friction coefGcient, and P=(kT) ',
where k is Boltzmann's constant and 7 is the
temperature.

Recently, Lebowitz and Rubin, ' Resibois and Davis, '
and Lebowitz and Resibois4 have given new derivations
of the Fokker-Planck equation which are independent
of the usual stochastic assumptions. ' These derivations
all start with the classical Liouville equation describing
the B particle interacting with the Quid particles. It is
the purpose of this paper to show how the Fokker-
Planck equation and its quantum-mechanical generali-
zation can be derived starting from the quantum-
mechanical density matrix describing the B particle
interacting with the Quid particles.

r S. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943); this paper
gives a review of the theory and gives references to earlier work.

~ J. L. Lebowitz and E. Rubin, Phys. Rev. 131, 2381 (1963).' P. Rhsibois and H. T. Davis, Physica 30, 1077 (1964).
4 J.L. Lebowitz and P. Rbsibois, Phys. Rev. 139, A1101 (1965).
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In Ref. 4 a system is considered consisting of a
B particle of mass M and charge g interacting with X
Quid particles of mass m and zero charge. The whole
system is enclosed in a cube of volume 0 and subject
to a very small, spatially constant, but time-varying
electric Geld E cos(tot+n). The authors start with the
Liouville equation satisfied by the distribution function
jM of the whole system consisting of the 8 particle plus
the X Quid particles. By integrating out the variables
of the 1V Quid particles, linearizing with respect to E,
and taking the limit as fit —s~, Q —s~, X/0= p= con-
stant, a non-MarkoQian transport equation for f results.
In the limit as t —+~ this becomes a Marko%an trans-
port equation for the steady-state distribution function
of the B particle, and this transport equation, when
expanded in powers of the parameter y= (rrt/M)'t', is
to lowest order in y just the Fokker-Planck equation.
Furthermore, this derivation yields an explicit expres-
sion for the friction coeKcient t as an autocorrelation
function of the force exerted by the Quid particles on
the B particle. It was also shown in Ref. 2 that higher
order corrections in y to the Fokker-Planck equation
could be calculated.

In this paper' we also start by considering the same
system of the B particle plus E fluid particles. (We con-
sider an electric field independent of time, but our
technique can easily be extended to cover fields varying
as E cosoot. ) However, we suppose the system to be
governed by the laws of quantum mechanics, and there-
fore the statistical properties of the system are given by

~ A preliminary account of this work appeared in J. McKenna
and H. L. Frisch, Phys. Letters 19, 112 (1965). /Note added sw

Proof It has been brought t. o our attention that this problem has
also been studied recently from the point of view of the Wigner
transform by H. T. Davis, K. Hiroike, and S. A. Rice, J. Chem.
Phys. 43, 2633 (1965).g
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the density matrix. Our starting point is therefore the
operator equation satisfied by the density matrix. By
taking the partial trace of this density matrix, we obtain
a reduced density matrix giving the statistics of the
B particle alone. The description of the system as well
as the operator equations for the density matrix and the
reduced density matrix are discussed in Sec. II.

Since the Fokker-Planck equation is an inherently
classical equation, it must in some sense be the classical
limit of the equation satisfied by the density matrix.
The authors of this paper have shown previously, in a
different context, ' that an appropriate, semiclassical,
phase-space distribution function p can be obtained
from a density matrix 5R by considering the diagonal
matrix elements of 5R between Gaussian wave packets.
The classical phase-space coordinates appear as param-
eters in the wave packets. This transformation was
originally introduced by Husimi, ~ and we have called
it the Husimi transform. It has recently been studied by
several authors in different contexts. ' ' ' We shall use
the Husimi transform in this paper to get the classical
limit of the equation satisfied by the density matrix.
In Sec. III and Appendix I we will discuss the Husimi
transform, its relation to the Wigner transform, and the
modifications necessary when considering systems with
periodic boundary conditions.

In Sec. IV and Appendix II we will derive the semi-
classical Liouville equation satisfied by the Husimi
transform of the density matrix of the system.

In Sec. V and Appendix III we will derive the non-
MarkoKan equation satished by the Husimi transform
of the reduced density matrix in the limit as A —+~,
0 —+~, cV/Q=p=constant. Just as in Ref. 4, in the
limit as t —+~, this equation becomes a Markoffian
equation for the steady-state distribution function.

Finally, in Sec. VI and Appendix IV we show that to
lowest order in p and A this equation is just the Fokker-
Planck equation. This derivation yields the same ex-
pression, to lowest order in y and A, for the friction
coefficient as Refs. 2—4. Furthermore, we calculate the
first-order correction in It to the Fokker-Planck equa-
tion. It is shown that for spatially homogeneous systems,
the form of the equation is unchanged; only a correction
of order h is made to the friction coefficient. This cor-
rection involves not only the interaction between the
B particle and the Quid particle, but also the interaction
between the Quid particles themselves.

We feel the results of this paper are of interest for
several reasons. In the first place the paper provides an
interesting application of the Husimi transform (con-
tinuous representation) technique. It also provides a

' J. McKenna and H. L. Frisch, Ann. Phys. (N.Y.) 33, 156
(1965).

7 K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940).
8 J. R. Klauder, J. Math. Phys. 4, 1058 (1963); 5, 177 (1964).' J. McKenna and J. R. Klauder, J. Math. Phys. 5, 878 (1964).

C. L. Mehta and E. C. G. Sudarshan, Phys. Rev. 138, 3274
(1965).

quantum-mechanical derivation of Brownian motion
which shows how friction can arise from a quantum-
mechanical system in a perfectly natural way. Finally,
the fact that to first order, quantum effects manifest
themselves in Brownian motion only through a shift in
the friction coefficient is of considerable interest, and
this may have some bearing on the study of quantum
Quid s.

+P P (p(x,—xj,)+Q 8(x;—X). (2.1)

Here q is the potential between two Quid particles and
0 is the potential between a Quid particle and the B
particle. We assume that 0 and p have a range very
short in comparison with the dimension I. of the box.
This will allow us to throw away boundary terms when

we integrate by parts in subsequent calculations. We
assume that all the forces involved are central forces, so
that actually P(r)=P(~(r(~) and 8(r)=8(~~r~~), where

t~(r(~)'=rP+r '+rp' We further assume that the po-
tential functions are smooth enough so that all sub-

sequent manipulations are valid. Otherwise, the specific
nature of the interactions is arbitrary.

In the presence of an external electric Geld E, the
total Hamiltonian is

H=Hp jE.X. - (2.2)

We will assume that E is constant, although as shown

in Ref. 4, it is a straightforward matter to extend the
technique to include Gelds of the form E cos(cot++).

Let BR be the density matrix of this system, which we

assume to be normalized so that tr(OR) = 1. The matrix
element of 5R in the x representation is the function

OR(t; X,xz, .„x~,X',x&', ,x~'), which we will generally
abbreviate by OR(t; X,x; X',x'). This function must be
periodic with period 2L in each of its spatial coordinates.
Now 5R satisfies the operator equation

iA(8OR/Bt) = fH, ORj, (2.3)

II. FORMULATION OF THE PROBLEM

We begin by considering a heavy, spinless particle
of mass 3f and charge jinteracting with E light, spinless
particles of mass m (m((M) and zero charge. (These
techniques can be extended to systems of particles of
half-integer spin. ) Let X be the coordinate of the 8
particle, and x; the coordinate of the jth Quid particle.
The whole system is enclosed in a box of side 2J and
volume 0= (2I.)', and we assume that periodic boundary
conditions are satisfied at the boundaries of Q. In the
absence of any external field, the Hamiltonian is

1
Hp —— P'+ P pcs2' 2m ~=~
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which in the x representation can be written

g~(E X x X' x') — h2 g2 ()2 h2

ih
85 2M BX' Bx' 2rN /=& Bx Bx,"

N

+P P( j(x,—x/, )—P(x, ' —x/, '))+P(0(x;—X)—tt(x —x')) —j(X—X') E 5R. (2.4)

The reduced density matrix 5, describing the 8 particle alone, has matrix elements

S(f; X;X)= m(l;X,.;X,x)Zjdx, , (2.5)

where the range of integration for each variable x; is the volume Q. These matrix elements satisfy the equation

h~ ( gm gm ) N N

, I-0(x-x') E r+ Z(tt(,-x)—e(,-x))m(&;x, ;x', )ll d;. (2.6)
aE mkaxm ax'2i j'=1

III. CON'NECTIOÃ TO CLASSICAL
PHASE SPACE

In order to relate the quantum-mechanical description
of our system to a description in classical phase space,
we use the Husimi transform. The essential idea of this
transform, 6rst used by Husimi, ' is to consider the
expectation value of the density matrix in a state in
which the position and momentum of particles can be
determined simultaneously with maximum accuracy.

In order to illustrate its properties, consider 6rst a
system having one degree of freedom, de6ned on the
whole real line, —00 &x& ~. Let the density matrix in
the x representation be p(x,x'), which is assumed to be
normalized so that tr(p)=1. Then, as is well known, the
minimum wave packet is of the form"

mv
P(x) =

~

—
~

exp ——(x—r)'+i x . (3.1)
k~h// 2h

The expectation values of the position and momentum
operators with respect to this wave function are (x)= r
and (p)=rlu, and hxhp= h//2.

The Husimi transform of p is then defined to be

/m
h(r, n) =

~
P*(x)p(x,x')P(x')dxdx'. (3.2)

(2~h

(For a system of particles of spin —,', P would be a vector,
p a 2)&2 matrix, and h a 2)&2 matrix. ) In a slightly
different context, some of the physical implications of
this transform have been studied recently by Klauder, '
its mathematical properties were investigated by
McKenna and Klauder, ' its applications in the quantum
theory of optical coherence have been studied by Mehta
and Sudarshan, "and it was employed by McKenna and
Frisch' in an investigation of high-6eld Inagnetoresist-
ance. We list here a few of its properties which show
why it is a good, semiclassical, phase-space distribution
function. Some of these statements are proved in
Appendix I, and proofs of the remaining statements can
be found in Refs. 9 and 10.

The function h(r, w) is real, non-negative, bounded, and
in6nitely diBerentiable. ' As will be shown in the course
of this paper, in the limit as h ~ 0, h(r, v) will tend to a
solution of the classical Liouville equation. Further-
more, the following statements can be made about

various moments of h(r, e):

h(r, e)drdn = tr(p) = 1, (3.3)

ao ao
phd

a/2
p P~ I/2~

e-( rl —
I Ih(r, e)drdv=tr(r"p),

& kh) i
(3.4)

rlu
2 (Xh)"/2H~~ ~h(r, w)drdv= tr(p"p),

( (Xh)'/'&
(3.5)

"L.I. SchiG, (quantum Mechanics (McGraw-Hill Book Company, Inc. , New York, 1955), p. 56.
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oo oo (7 1/2 n I(pi/2 //

r+i(2XI2) '/2r/z(/ —
)

r—i(2X/2) '/ r/t(/ h(r, ())dry
2hi

r+i(2Xh) "'p
(

— r—i(2'Ah) '"p p )
. (3.6)

E2))ti (2)/t

Thus if we are only interested in a low-order expansion
in A, the moment equation simplifies. A similar remark
applies to (3.5).

The following important inversion formula, which is
discussed in Appendix I, holds:

p (s+ t s t) e (1/2) e(2imt /A) t

Equation (3.3) follows almost directly from definition
(3.2); in Eqs. (3.4) and (3.5), which are proved in
Appendix I, H (x) is the /2th Hermite polynomial; and
Eq. (3.6) is proved in Ref. 10. In these equations r and

p, when appearing under the trace sign, denote the
position and momentum operators, respectively. Be-
cause of the relation (3.6), Mehta and Sudarshan" have
called the Husimi transform of the density matrix the
"antinormal ordered distribution function. " It should
be noted in connection with Eq. (3.4), that

())4) "/2 ( X) 1/2 (n/21 42 I

-=o ~!(~—2~)! e,i

we note that p(x, x') is periodic in each variable, with
period 21.. The prescription for taking the Husimi
transform is somewhat ambiguous in this case, for no
state y(x) exists sa, tisfying both (p(—L)= vp(L), and
Axhp= It/2. We have therefore arbitrarily chosen

( I( 1/4

p(X) =
~

— P e—&~/2@) (v+»L v) +4(mv/") &o+»1 )

Ea
(3.11)

as the state to use in defining the Husimi transform.
For this state, we have

(x)=r+0(e "~'), (P)=2)tv+0(e—~')

AxA p = ,'h+0(e ~'/2)-,
(3.12)

where o.&0. Then, we define the Husimi transform of

p tobe

r/2 )
h(r, n) =

~

op*(x)p(x,x') 2o(x')dxdx'. (3.13)
2xi'ti

However, if we make use of the periodicity properties of
h p(x, x'), it can easily be shown that (3.13) can be

XexP ——D.' h(s, ()d(, (3 7) written as
4X

where D, '= d'/ds'
Finally, we note the relationship of the Husimi trans-

form to the signer transform. "The signer transform
of the density matrix is defined by

OQ

2e(r 1/) p(r+t r t)e—(2&mv/&)vdt (3 8)
mh

h(r, e)=~ —
(

e &"/'")&

ai

g p(x x~)e—(1/2/1) &z' v) 2+4(mv/2) o'dxdx—

( nt )
P*(x)p(x, x')P(x') dxdx' (3.14).

&2 a)

and the following two relations are easily proved:

Xh
2e(r 1/)= —exp ——D,'— D„' h(r, ().

m 4) 4m 2
(3.10)

h~r zj~——— ~
—(X/A) (S—7 ) 2—(m2/t) A) (t—1)) &

/
7l h QQ QQ

&Cw(s, t)dsdt, (3.9)

/2(r+2L, e) =h(r, (). (3.15)

In other words, definition (3.2) holds for periodic density
matrices.

The Husimi transform of a periodic density matrix is
again a real, non-negative, bounded, and inhnitely
diGerentiable function. In the limit as A —+0, it is a
solution of the classical Liouville equation. It is periodic
in r with period 2J:

We now consider the modifications of the above ideas This follows directly from (3.14) on making use of the

which are required when we consider a system defined periodicity of p(x,x'). The analogs of (3.4) and (3.6) are

on the interval I(gQ I and for which periodic no longer true, but the normalization condition holds,

boundary conditions are prescribed. For such a system, 00 I

~ E. P. Wigner, Phys. Rev. 40, 749 (1932).
d&/ drh(r, (/) = tr(p) = 1, (3.16)
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( 2(2'V

dr2 "(I(h)"( V~I ~I3(rp) = tr(p"q) .
&P,a)»2)

(3.17)

LEquations (3.16)—(3.17) are discussed further in Ap-
pendix I.j The inversion formula (3.7) is still valid.
Finally, if the signer transform is

and

M
f(f; R,R)=I

E2 ai
P(X)S(t X X')~(X')dX dX'.

P, g dr;dr', =f.

(4.4)

In addition to the properties of P and jwhich were dis-
cussed in Sec. III, it is easy to show that

L

2e(x,i))=— p(x+t, x—t)e-(2'"'(")'dt,
m. h

then

(( t5 )
h(x2))

I I Q e—0 2 — 2— 12 — 2

E2L,i

p
R=~li. (4.6)

A,

The velocity U is now of the same order of magnitude
as the Quid particle velocities ij.

The second important dimensionless parameter is

x2()I s, —Ids.
E '2223 Ii

IV. SEMICLASSICAL LIOUVILLE EQUATION

The results of Sec. III extend directly to our system
of 31V+3 degrees of freedom. We define the two wave
functions

a= Xh/2mkT. (4 7)

This parameter is a measure of the deviation between
the classical and quantum descriptions of the system.
A nice physical interpretation can be obtained by noting
that

It (X,x)=—It (X,xi, ,xN)

(3N+3) (4 N

exp ——LIIX—RII'+ 2 Ilx —r II'j
2A; j=1

—P2 N p2-.=((~+~)(-:~n)- ~, — +~ '
~

2M j=l 2m

(3.1s) In Eq. (4.5), each r'; integral is over all of R3 while each
rj integral is over Q.

There are two important dimensionless parameters
in the problem. The erst is the square root of the mass
ratio, y = (2(2/3E)'(2. This is the expansion parameter of
I ebowitz, Rubin, Resibois, and Davis, ' 4 in terms of
which they introduced the scaled velocity Il for the
II article

3.19

-SI. m N

+i —R X+—P i; x;, (4.1) —L-,'mR2+-', ~ Q r 2] . (4.S)

(( X q
3(4 M.

((X)= I

—
I

exp ——
IIX—RII'+i—R X . (4.2)

E ai 2Ps h

In these expressions, R and R are the classical position
and velocity of the B particle, and r, and r'j are the
classical coordinates of the jth Quid particle. Then the
Husimi transforms of 5K and F are

24(t; R,R; r,r')

—=24(t; R,R; ri, ',1'N, l'i, ' ' ',1'N)

2(3 q
3N

/ M q
3

p*(X,x)m(t; X,x; X',x')
2 ai &2 ai

In other words, a is the ratio of the difference between
the expectation value of the kinetic energy and the
classical kinetic energy to the mean kinetic energy when
equipartition applies.

Before proceeding, we introduce a system of units in
which 2(3/kT is unity. This will make it simple to intro-
duce dimensionless expansion parameters. Thus we
define new velocities V and v;, Husimi transforms (4

and f, charge q, potential functions (p and t(, and time t

in terms of the corresponding quantity in the old dimen-
sions (represented by the corresponding letter with a
caret) by means of the identities:

V=("I 2, v, =( l
', , ~=i ) (),

X))t (X',x')dXdX' g dx; dx
(2N )
(aTi

'

1'3P (3N+3) (2

(=v'
I (

223)

m 'N M

E2 t J E2~t)
(4 3)

)(' 2(2 )
&uri

'
/kg'(' ( k

j', t=
I

t. (4.9)
&223i

'
E2(3
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(Notice that both p and f are normalized with respect
to U and not with respect to V.)

In terms of the new dimensions, we rewrite (4.3) as

tr(t; R,U; r;,v;) =A@,ORlt), (4.10)

parallel the methods used in Ref. 4. The Grst step is to
linearize Eqs. (4.13) and (4.17) with respect to E.

Toward that end, the equilibrium phase-space distri-
bution function is introduced:

where
A =y '(m/2s-h)s~+s(kT/m) &'~+'&Is. (4 11)

7 ) 7 7 7 ) 7 ) ) )p'(RU rv)—=y'(RU rr -. r~vr vs')

The inverse of this transformation can be written

mt=m(p). (4.12)

where

Bp, g Bp—+Zlu+y —E =0
at m aU

(4.13)

Ztj, = g v," +a P +yU
ar, ~=r av; ar, aR

8 8
+~v' t+C( )+H(t), (414)

aR aU

These equations are written out explicitly in Appendix II.
Now take the transform of both sides of (2.4). The

resulting equation for p can be written

= (A/Z)(g, e s"'P), (5.1)

f'(U) = Iu'(R, U; r,v) g dr;dv;, (5 3)

where H, is the equilibrium Hamiltonian (2.1),
Z=tr(e —t'~'), and A is defined in (4.11). It will be
assumed that p,

' is known; actually we will explicitly
calculate the erst two terms of p,

' in an expansion in
powers of u. The function tr' satisfies Eq. (4.13) with
E=O, and it is periodic in each spatial variable with
period 2I.. In Appendix III it is shown that

p'(R, U; r,v)
=tr'(O, U; rr —R, ,rsr

—R, vr, ,vier) . (5.2)

Upon integrating p' with respect to the coordinates of
the Quid particles, we obtain

C'(t ) =&(it [Z ~ Bit'(t )]it)

o'(t)=&(4,[Z a,~( )j4),

(4.15)

(4.16)

which is a solution of (4.17) with E=O. The fact that
f' is a function of U alone is a consequence of (5.2) and
the periodicity of p, .

We now write

and 8= (irl/2ma)A, rt= X/(mkT)'~', and A is defined in
(4.11). The differential operators in 2 arise from the
kinetic energy terms in the Hamiltonian and from the
term qE X by a straightforward process of integration
by parts. A detailed discussion of this calculation is
given in Appendix C of Ref. 6. The linear, integro-
di8erential operators 4 and 0, which are written out
explicitly in Appendix II, are complicated in appearance
but lend themselves readily to expansions in powers of
g and p.

Equation (4.13) is the analog of the classical Liouville
equation, and in fact, in the limit h —+ 0, 2 becomes the
classical Liouville operator.

Then, either by integrating Eq. (4.13) over the phase-
space variables of the Quid particles, or by taking the
transform of Eq. (2.6) with the wave function $(x), we

get the equation involving f:
af af q af a a—+y U. +—E. +y'a f
at aR m aU aR aU

~=t '+tr', f=f'+ f', (5.4)

where p' and f' are assumed to be linear in E. Then

Bp 'yg Bp
+up'= ——E

at m aU
(5.5)

af' af' a a
+vU. +v'~ f'

at aR aR aU

yq af'
O(t')ltd d =—E (56)

m aU

The next step in the procedure is to formally solve
(5.5) and substitute the result in (5.6). In order to do
this we follow Lebowitz and Resibois4 and employ
Zwanzig's projection operator. "De6ne

P(R, U r,v)=tI, '/f', (5.7)

+ O(p)g dr, dv, =0. (4.17)

V. TRANSPORT EQUATION FOR f

which can be interpreted as the conditional probability
of finding the Quid particles at r;, v;, given that the
B particle is at R, U. Then if h(R, U; r, v) is any phase-

Starting from Eqs. (4.13) and (4.17), we can obtain $3R zwsu g J„t„ t„7h,0 stt, ot ph~rt„(j'utersc
a transport equation for f Our methods in .this section Publishers, Inc., New York, 1961), Vol. 3, p. 106.



N

dr;dv;.
BUl

, &, ~iz(1 ~)E
g

L(t', N,V) =—

0
~ '

erator ~ is dered byf t' n the projection operaspace function,

(m-tt) (R,U; r,v)

=P(R,U; r,v) h(R, U; r,v)II dr;dv;.
(s.16)

ities on Ã and y has

1 dth 1

ions in powers
1

' must be nofunction
constant in the imi .9 par

p
q

assume t a
' n, ahat this has een

dat ten s
notation.

make the "physica a
N/0= o t t:to a limit as E —&~,

'=Pf', we can writenote the fact that xp =
' and then rewrite (5.6) asti'= (1 7r)t—i'+P f', an e

+ o(f)ri.;.;8 8

aR aU y=1Bt 8

rtfP
+ o((1—) ')IId d =

y 0 . 5.5) witll 1—K, we ge et theBy operating on Eq. ( . ' —,e
tion for (1—n.)ti',

—1-7r)ti'+ (1-m.)Z(1-ir) ti'
Bt

8

MOTIONp p ~ C B R Q W NBAN I CAL, MO'M —M E

=——(1—~ E —(1—~)c(Pf') . (5.10558 lim f'(N; t; R,U) = f'(t, U) . (5.17)

n be solved formally to giveThis equation can e so v

—vr '= — e '" &~(1 7r)-zPf'( ——'' t—t')dt'(1—)t '=—

8$ p

Bpp
e '&'- &~(1—m)E.~ dt' (5.11)

BU

A(N, y) f' K(t', Ã,y—)f' t t dt—
0

~ ~

osed the initial conditionwhere we have impose e
' '

'0, ;r;,v; =, ;r v (O, R, U). (5.12)

Then if q . d into(5 11) is substituted into
f ~&' is obtained:equation or

Bf' Bf' 8 8

BR BUBt BR

s stem, f'(t, U)ealing with a uniform sy
of R. W i' hmust be independent of . e

sexistenc e of the lilnit

, )f'(N't R,U)=~(v)f (
' t U), (5.18lim h.(N, y

lim L(t', N, y) =L(t',y) . (5.20)

it is taken after the integration18) (5 20) the l,t,s
r the coor ina esover

he resulting equation,performed. The resu

t

X(q)f' K(t'—,q)f' t t' dt'—

lim Et,',N )f'(N;t t', R,U)—

=K(t',q) f'(t t, U), —S.19)

=—E. L(t', N, y)dt'. (5.13)
ns BU p

o(Pf')rI d d,
K(t', N, q) f'(t —t')

~ g -'&'-.&~(1—~)z(Pf ' t—t'))PII dr;dv;,0 e

and K(t', N,y), and the5.j.. 3) the operators h.(N, y) an . . . e

(
' N ) are defined byfunction L t,

(5.14)

—E. + L(t',q)dt', (5.21)
m BU p

cl

relation of the Markman1 discussion of the relation oFo bo
o -M rkoKan equation, sto the non-Mar o

40, 2527 (1964).

an irreversi le e uation describingthe non-Markman, irr ve e

h' o odf the 8 particle. I is cofunction o

in this section i
db h"-d, -.",

ofth 8 t l

'
n satisfie y

'4 Theassical distribution function o
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whereg —go+rki+We can now write

+4+80 &

8

&-x gU& ~&i

v" +
gf~(5.22)

1
/it~p '

t, U)dt,fl(il) = lim-
go~oo fp p 8

+.Q~i.
aR

ls dered as theb tion innction fsteady-state is r
7) of«Lap].ace average

(6.4)

7V
g(~)j'+yL(7) &X(y)f'+ (5.23)

~ formaj] y tak.e thesume to exist.
and then

which we

(5 21), divide 4 t"ce tr ns

7
N

1 2 . . . (6.5)(I)—p kgd

be expanded» pThe operato;
p(R U r,v) d Psince in

write
P=po+ P'+

of the limitsed the existence ofwhere we have assume

1
Z(y) f'= lim— e 't'pK(t' y) f'(t—t )dt, 5.24) rn in expansion or pf ourse, a correspon ingThere is, of course,

L(y) = lim

=e= —'~pn( —t'(1—x-p Li, —'t'2 p)—
(6.7)0= 0'p+yO'i+ y'Oo+ (6 1) where

and f,
tip= tiop+V tulip+

rom, 3 6.4, and (6.5), we deduce that(6.2), (6.3), (6.4, d

(6 6)

e 't "L(t,v dt.

]

o

e '&' '~ in powers of y.e is to expand e 'IN POWER

( ),ss t e hat because oio h a er we discuss t e

) =&+v(1—~o)&i+ v1—m2= p

p
——e ', relatively straight-

' ~

p=e '~o, and a re a i
5.13), obtain the desireexpansion,

E' t', N, y), and
fol wai cd calculation" yiel s

pan
e limits as

rst
ta e

t obtain thethis direction is o
s 'n an emxpa

' ' i E . (5.13), which iss in an expansion in y o q, h is

=n(—t'(1—mp)Z tiZp e

~ QHix ressions orendix II where explicit exp
and O~o are given, it is s o

Op(p)g dr~dv, = 0()rrd d =O. (6.2)

C(&)g dr;dv;=O. (6 3)

'ndependent of andn there that C is inIt is also shown

n(u, x) =u —u,+—(u,x}+—(u,x'}+

(u x"}= [fu, x" '},x .{u,x}=[u,x, , = " ' x .

e have the expansionTherefore, we have

e — —t 1—7l p)Zi& t Zp

Xe
e t( —m)2 ——

f 1+~n(

sions of I. to order
notice th t becausE and h. to order y' Lnotice

they all start wit a erm

L(t'„N,y) =yLi(t', N)+0 7',

0 '~e(1—piro) E.L,( ', tN~) =-
'=v~i(N) f'+v'~p(N) f'+ o(v'

') dr;dv;, Ap(N) f'= Oi~i(N)f = o"i(Po

(6.10)

(6.11)

(6.12)

(6.13)

. Math. Phys. 3, 771 (1962).d A. A. Maradudia, J.Ma, 1 1962).G. H. Weiss and A.see Sec. II in'l of this calculation s"For the details o
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E(t'', X,q) f'(t t—') =qE,(t'P') f'(t t—')+ q'E&(t', N) f'(t t'—)+0(q'), (6.14)

N
Ei(t', lV) f'(t —t') = Oi(e-' oZpPp f'(t—t'))g dr;dv;, (6.15)

E (t'P) f'(t —t') = 6 ( -' o(1—,)z,P,f'(t—t'))g d;d;

N N

+ 01(nL—t'(1—or,)21, t'Zo]e '«goP f'(t —t'))Q dr, dv;+ Qi(e '~oZoPif'(t —t'))g dr~dv;. (6.16)

If now in (5.13) we replace A, E, and L by their
expansions correct to order y', and then repeat the
limiting procedure outlined in the remainder of Sec. V,
we get the equation

va (~fop ~fio)
(~A,+& A,)f y E—

m kaU aU)

= (yK1+y'Kp) f'+y'Li. (6.17)

The operators Ki and Ko are defined from Ei(t', 1V) and
E&(t',X) via Eqs. (5.19) and (5.24), Li arises from
Li(t', 1V) via Eqs. (5.20) and (5.25), and h.; is defined
from A;(1V) by (5.18). The inhomogeneous term y'Li
arises from quantum Quctuations which tend to drive
the system away from equilibrium. As we will soon see,
the expression (yK1+y'Kp) f' is the source of the dissi-
pation, and (yA1+y'Ao) f' can be thought of as arising
from kinematics. In terms of the Husimi transform,
Eq. (6.17) is the quantum-mechanical form of the
Fokker-Planck equation, correct to a11 orders in A. This
will be seen clearly when we expand (6.17) in powers of u.

Following our prescription of Sec. III, (3.8)—(3.10),
one can obtain a transport equation for the Wigner
distribution function. One should note, however, that
the A dependence of the Husimi transform and the
Wigner transform may be quite different.

We turn now to the final step in this paper, the
expansion of Eq. (6.17) in powers of u, correct to first
order in u. The procedure is to expand Li(t', lV), Ai($),
Ao(1V), Ei(t', 1V), and Eo(t', JV ) in powers of u, and then

1 ~ ojtI(r,—R) 8
0io

m ~'=1 ojr; BU

1 op (r;-rp) 8
C'o= ——2 Z

(6.18)

We remark at this point that it can be shown from the
techniques used in Appendix II, that if O~ is expanded
in powers of u alone, then O~ ~,—p= 0'pp+pO~ip. From this
result, and Eq. (4.14) defining 2, we see that at u=0,
2, is indeed the classical Liouville operator.

The next step involves an expansion of p,o' and pl' in
powers of u. We write tioo=tiooo+upoio+, tiio=tiioo

+utiii + ' ' . In Appendix III, we show that

apply the limiting procedures outlined in the latter half
of Sec. V. These calculations, while relatively straight-
forward, are lengthy and tedious, and we will only dis-
cuss the results here. An outline of some of these calcu-
lations is given in Appendix IV.

There are several important features of the calcu-
lation. In the first step, the expansion of O~p 01,
and 4 in powers of a, each term in the expansions is a
differential oPerator. We write O~p= O~pp+u0~1+

el Qlo+uQ11+ ' ' ' C C'0+uc 1+ ' . These oper-
ators are relatively simple. We write out those of zeroth
order in a, while those of first order in a are given in
Appendix II.

1 iv Bg(r,—R) 8
Ooo= ——2

tg j l 81; BV

where

tripp'(R, U; r,v) = II exp{—ho} exp{—ho}dRdU g dr;dv, , (6.19)

and

1 N

hp:hp(R, U; r,v) =-', U'+-', P vP+ —P g po(r,—rp)+ —Q 0(r,—R),

1 N 8 8 1/ol oj & 8 pj

t oi' ——— g +—
~

+P t oo'.
2 i iolv; plv; =1I &ojR BR i' 18r; Br, =

(6.20)

(6.21)
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Furthermore, @~0'=@~~0=—0. From these results one readily obtains

f o'o(U) =(2~) '"e '"~ for'(U) =f»'(U) =f»'(U)=o; (6.22)

1 & B B 1f'B B & B B)
Poo(R r v)= goo /fooo, Pro=Pit—=0, Pot(Rrv) =— Q ' +—

i

' +g '
i

Poo (6 23)
2 ~'=t Bv; Bv; ps(BR BR ~'=r Br; Br;]

In (6.25), E„and U„, p= 1, 2, 3, are the components of
R and U, and the summation convention for repeated
indices is used. The coei5cients h, (1V)„, and K(f',1V)„.
can be calculated explicitly, but in the limit as S—+~,
f'(t) will be independent of R, and so these terms will

not appear in the final formulation. "The remaining
two terms have the form

B B
K„(f',N) f'(f—f') =K,(f',N)„, i U,+ i

f'(f—f'),
BU„( BU„)

(6.26)
B B

K»(f', N) f'(f —f') =K,(t',1V)„, i U„+
i
f'(f—f')

BU„E BU)

Bf'(t—f')
+K,(f',N)„. (6.27)

BR„

Again the term involving Es(f',N)„, which is actually
an operator, will disappear from the final formulation, "
and we will confine our attention to Ko(t', N)„„and
Kt(f', 1V)„,.

The first of these two terms is

Ko(t', N)„,=p' PooF„e "~ooF„g dr;dv; (6.28).
In (6.28)

1 B
F„=— g B(r;—R)

mp BE„i=~
(6.29)

It should be noted that Poo aild Poi are independent of U.
With the aid of these results, L,r(f', N), h;(1V)f. ', and

K;(t',N) f'(t —t'), j=1, 2, can be expanded to 6rst order
in a, and the results are as follows: Six of the terms
vanish:

L»(t', N) =I.tt(f', N) =0,
(6.24)

14o(N) =14o(N) =14t(1V)=0, K»(t', N) =0.
Two terms have the following form:

Bsf~
A„(N)f=A(N)„,

BR BU,
(6.2S)

B'f'(f f')—
K»(t', 1V)f'(t —f') =K(f', N) „,

BR„BU,

is the force exerted on the 8 particle by the S Quid

particles. The operator Zpp is

1 ~ (BB(r,—R) Bq (r;—r&)y B
&oo=Z v," —Zl +Z

Br; yg ~=i E Br; s~~ Br; ) Bv;

(6.30)

which is just the I.iouville operator for a system of X
Quid particles interacting with a 3 particle held fixed
at R. The operator e ' "is the time translation operator
for such a system. As Lebowitz and Rubin'have pointed
out, e '~ooF„=F„(—f'), and the integral in (6.28) is just
the correlation function, (F„(0)F„(—t')), of the force
exerted on an infinitely heavy 8 particle by the Quid

particles.
The second of these two terms, which is an even

function of t', is

B&os &
Kt(t', N)»= p F„e '«o — — g dr;dv;

BE.„ i-&

P' B B
(F„) (e-"«oPooF„)g dr; dv,

BR BR j=1

N

+P' F„e '~oo(ot( t &ot ——f Zoo)PooF )g dr;dv;

(6.31)

Upon examination we found that unless an accidental
cancellation occurs, this term does not vanish. These
integrals can again be written as correlation functions
of forces, internal energies, and stresses. This can be
shown by expanding BPot/BE„, and when this is done,
it will be seen that the first integral in (6.31) also in-

volves the interaction between the Quid particles
themselves.

If, finally, in (5.13) we replace A., E, and I. by their
expansions correct to order u and y~, and then repeat
the limiting procedure outlined in the latter half of

Sec. V, we get the equation

ro While the analytic expressions for these terms are omitted E'Ufoo =(0o +~i'o ) I
U + if ~ (6 32)

from the paper, they are available from the authors on request. m BU&k BU&)
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APPENDIX II

105

In this Appendix, we first write out explicitly the relationship between the density matrix 5R of the system
of S Quid particles plus the 8 particle, and the Husimi transform of the density matrix. This is most conveniently
done by introducing into the integral (4.9) the change of variables

S=-,'(X+X'), T=-', (X—X'), s, =-', (x;+x ), t, =-', (x,—x ).
Then, Kq. (4.9) can be written out explicitly as

N lV

t (t; R,U; r,v) =v '«xp ——LIIS—RII'+ IITII'+&(ll»—rtll'+lit II')3—~- -U T+2 v" t
2c j=l C~p j=1

(A2.1)

where

N

&&alt(t; S+T, +t; S—T, —t)dSdT g ds;dt;, (A2.2)

)( + /

c=i I, g=x/(mkT)'t'.
k(2~a)'3

(A2.3)

In (A2.2) the domain of integration for each variable is all of Ea. This expression can be inverted, using the tech-
nique described in Appendix I, to give

N

~(t S+T, s+t S—» s—t)=exp —LIITII'+Kilt II'J
28 j=1

N

exp i —U T+Pv—;t;
9

a(a a & a a)
Xexp —

I +p
I

p(t; S,U; s,v)dU Q dv;. (A2.4)
2q' aS aS ~-i as; as,j

Again the domain of integration for each variable is all of E3.
With the aid of (A2.3) and (A2.4), expressions (4.15) and (4.16) for C (p) and 0'(p) can be easily written down

explicitly:

(irt)
e(~)=~-'I I«.p ——

I
IIS-Rii'+Elis-'ll'j-~- -U T+2; t;

&2mai 28 j 1 g, y j I

N

Xg(8(s,+t;—S—T)—8(s;—t;—S+T))dSdT g ds;dt;

a('a a & a a)
exp i—— ' v t; exp — . p, t;, ';s,v'd ' dv . A2.5

a y 2g'(aS aS ~'=i as; as,)

The expression for C (g) is the same as the expression for O(p) except that the factor

is replaced by

N

(8(s,+t;—S—T)—8(s;—t;—S+T))
—=A8(S, T,s,t)

g P(~(s;+t,—s,—t,)—~(s;—t;—s,+ t,) )—=Av (s,t) .

(A2.6)

(A2.7)

In order to expand 0+(p) in powers of y, the 6rst step is to make the change of variables T -+ y T in the integral
(A2.5). This has the effect of multiplying the whole expression by y, eliminating y from all the exponential factors,
and replacing A8(S, T, s,t) by A8(S,&T,s,t). From (A2.3) it follows that p appears only in the term A8(S,yT, s,t).
The next step is to expand A8(S,yT, s,t) in powers of y:a, y( a)

A8(S,yT, s,t) =68(S,O,s,t)+yT —A8(S,~;s,t) +—
I

T —
I 8(S,~,s,t) +

a'c q g 2.k acj ~ 0

(A2.8)
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When this is substituted into (A2.5), the desired expansion of the operator 0~ results. The T integrations can be
carried out explicitly, and we write out the 6rst three terms in the expansion:

(2~a) '
0,(„)=I I

c exp —LIIS—RII +ills; —r;II'j—~- g v; t, Ae(S,o,s,t)ds
4 g) 2Q j=l g j=l

N a ( 8 8 N 8
Xgds, dt; exp ~-Z v t; exp —

I +p I p(&;S,U;s,v')pdv, (A2.9)
j=l a j=l 2g (8S 8S i &8=s; 8s;) j=l

(iu) (2prg) p

oi(~)=
I

—
II I

& exp ——I:IIS-Rllp+Z lls; —;llpj—p- 2 v; t; p(8(;+t,—s)+8(s,-t;—s))dS
kq) 4 g) 28 ~~a

a(8 8 & 8 8i 8
Xg ds;dt, exp i p—v .t; exp —

I +Q
I

p(t; S,U; s,v')g dv, (A2.10)
j=l gi=~ 2g'(8S 8S i-& 8s; 8s;) 8U

(ig) 2 (2~a) p

e,(&)=I —I I I
C exp ——LIIS—Rll'+p ffs;—r, fl']—i- g v,"t, —A(S,O, s,t) dS

kgi E g) 2g j=l g g=l 85&BSp

zr g & a(8 8 & 8 8) 8p

Xg ds;dt; exp i- p v,' t; exp —
I +p I u(t; S,U; s,v')g dv . (A2.11)

j=1 g ~=~ 2g E8S 8S i ~ 8s; 8s,) 8U, 8Up

In (A2.10) and (A2.11) the summation convention for repeated indices is employed.

H one now examines
N

Op(p)g dv; and Q, (p)g dv,.
j=l 1=1

with the asd of Eqs. (A2.9) and (A2.11), it is easy to see that these two integrals must vanish

Since the expression for 4(p) differs from the expression for e(~) only in that Ag(S T s t);s repl
when the change of variables T~ yT is made in the integral defining 4(~), y will disappear from the resultIng

expression. Therefore 4(p) is independent of y.
We finally turn to the expansion of 0'p, 0&, and 4 in powers of a. Consider Q~p(p) as an example In the integral

in (A2.9), make the change of variables

S-+ R+(2ajg')'~'S, s;—+ r;+(2g/g&)»&s. t,.~ (ay~)t,

After this change of variables, we have

( iq q ( 1 q
&'N+»I'

xp{. IISII'—ills;II' —i g v; t;)
&2ma) (4~') j=l j=l

el r; R+I, I

—(s;—S)p ti I el r;—R+I I (s S) t'
I

dS H ds, dt; exp(i p v t, )
E&) & )

a (8 8 & 8 8) ( (2g)'~ (2a)'~' q zr

Xexp —
I +& I &I ~'R+I,

I
S,U;r~+I —

I s;,v Igdv;. (A2. ]2)
2g'E8R 8R '=~ 8r; 8r;) E (~')

Now, each term in the integrand can be expanded in powers of ga. When this is done, the resulting integrais can
be easily evaluated, and the coeKcients of half-odd integer powers of u will vanish, as they should

x and 4. We have already written out Qpp, Q~p, and 4p in Sec. ~I
three terms of interest are

~ 8'8(r R)—1 & 8 8'8(r,—R) 8p
Qp~(v) =—

~'Q = ~~ja ~~j a~~jp ~&jp mg j=l Qy gy -p Qg gp
(A2.13)
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1 N 8'8(r —R) 82ii1 ~ 8 (8'0(r,—R) Biiq
o»(~) =

rgri2i=i Br;„( Br; Br;p &Ups mg'i=& Br; Br;p M BUp

a& p(r; ri)—a'~8 (8'q(r; —rk) Bli, 1
c i(~) =—,Z Z I —,Z, 2

miI' iw& Br, 5 Br; Br;p Bv;p miI' i» Br, Br,p Br~ Bv,p

(A2.14)

(A2.15)

In Eqs. (A2.13) through (A2.15), r, , v;, j=1, 2, , cV, n= 1, 2, 3, denote the nth coordinates of the vectors r;
and v;, respectively; U is the nth coordinate of U; and the summation convention for repeated indices is employed.

APPENDIX III

In this Appendix, the properties of the equilibrium phase-space distribution function y (R, U; r,v) are studied in
more detail. We first outline the proof of Eq. (5.2). This statement rests on the fact that the free Eiamiltonian
Ho defined in (2.1) is invariant under the siinultaneous translation X~ X+p, x;~ x,+g, j= 1, 2, , 1V, for
any Axed vector y. Kith the aid of this fact, it is easy to prove that the matrix element of e t'~' in the X repre-
sentation must satisfy

(X,xi, ,x~(e P~'~X', xi', ,x~')=(X+Ii, xi+ p, ,x~+g~e P~'(X'+g, xi'+g, ,xi''+y). (A3.1)

If we now define po(R, U; r, v) by replacing in Eq. (A2. 2) the matrix element of 5R by the matrix element of p—'e—»o,
and make use of Eq. (A3.1), then it is simple to show that

p (R+ g, U; 1'i+ g, ' ' ', r~+ g, vl, ' ' ',v~) =p (R, U; 1'i, ' ',r~, vi, ' ' ',v~) . (A3.2)

Equation (5.2) follows directly from (A3.2) by setting p= —R.
We now indicate the steps by which one calculates the first few terms in the expansion of p, , in powers of g.

We do this using the standard physical units, and at the end of the calculation transform to units in which m/kT= 1.
The starting point is the relation

(A3.3)

where H, is defined in (2.1) and f is defined in (4.1). Since iP is an exponential function, we can write

Hog(X, x) = h (X,x)P(X,x),
where h„(X,x) is a function of the variables X, xi, , x&. A trivial calculation yields

1 N

a, (X,x) = —
~~

—Z(X—R)+iMR~~ — P ~~

—~(x,—r,)+i~r,
~~

2M 2m j=1
3Xh 3%XA N

+ + +P P j(x;—xi)+P 0(x;—X), (A3.4)
2M 2m. j=l

and by noting that h„P= Ho(h uI), we obtain the recursion relation

8 8 8 It 8.— ———{—'A(X —R)+iMR} ——Q{—) (x,—r;)+imr', } +hi h„. (A3.5)
2M BX BX 2mi=i Bx; Bx; M BX m ~=i Bx;

If we expand h„ in powers of h,

h =h, o+hh, i+6'h„,o+

substitute this expansion into (A3.5), and equate like powers of h, we get a series of recursion relations which can
be solved successively. The recursion relation for h„,o is just h„,&=h&, oh &,0, which has the solution

The recursion relation for h„,~ is

h, o= (hi, o)". (A3.6)

(3~
h, i=hi, oh i, i+~ -+ ~{hi,o}" '+(~—1)f{hi,o}" ',

2mi
(A3.7)
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vr here
N pl

f= f(X,xi, ,x~) = —(X—R)—iR ——(X—R)+i)(R+P 8(x;—X)
M M ~'=i BX

(—x; r—;) i—r'; ——(x,—r,)+i) i,+- 8(x,—X)+P j(x,—xi) . (A3.8)

We now dehne the generating function

F(p) = g —h„,i. (A3.9)

de 3X 3'—40F= pf+ +
dp 2M 2m

(A3.10)gyh1, 0

Since we know that F(0)=0, the solution of (A3.10) is

If Eq. (A3.7) is multiplied by p"/e. and summed on e, it is not dificult to show that F(p) satisfies the differential
equation

%e now notice that we can write

3A, 3SX
F(p) 1p2f+ + p ~n», 0

2M 2m
(A3.11)

(8%+3) /2

exp —LIIX—Rll'+Z Ilx —r'll'3 h-(X,x)dX II d*, .
kmh js j=l j=l

(A3.12)'

If in (A3.12) we make the coordinate transformation X~ R+(h/X)')'X, x; —+ r;+(h/)()'~2x;, j=1, 2,
replace h„by its expansion in powers of h, and then expand each coe%cient h„,;(R+(h/)()'(2X, r+(h/g)')'x) as a
Taylor series in Qh, the resulting integrals can all be easily evaluated. All the terms involving half-odd integral
powers of A vanish, and we have

1 8 8 ~ 8 8)
(It,& V) =h. , (R,r)+& — +p — lb. , (X,x)+ h„, (X,X)

4) ()X ()X i &Ox; (=)x;)

If we multiply (A3.13) by (—P) "/m! and sum on e, we then get

(y (,
—)))roIt ) I y = e—&»,0(& ~)

(X=R,x=r)
+0(h') . (A3.13)

8 1(B 8 & 8 8)
(P,e &"oP) —= —-I y P I

expL —Ph, , ,(x,x)]+F(—P)
Bh y=() 4X(()X BX i=& Bx; 8x;)

(A3.14)

The expression on the right-hand side of (A3.14) is easily evaluated and can be written

8 8 A, ~ 8 8 1 8 8 ~ 8 8
~
—()»,0 (R, r)

q 0 4'' ()R ()R 4m'i=& (Ii; Br, 4X ()R ()R i=& Br; Br;
(A3.15)

The 6nal step in determining the expansion of p,
' is to note that

(2~h '"(2~A~'
()Pe s~'g)dRdR gdi;dr;=I

I I
Z.

km)
(A3.16)

IIpon transforming to units in which ns/kT= 1 Ldefined in (4.5)$, the derivation of Eqs. (6.19)—(6.21) is direct,
and we omit the details. One point is worthy of comment, however. Because of the form of (A3.15), Z/A, when
expanded in powers of a, has no term of erst order. "

&his is a well-known result; cf., L. D. Landau and E. M. Lifschitz, Statistical Physics I'Addison-Wesley Publishing Company,
Reading, Pennsy1vania, 1958), p. 99.
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APPENDIX IV

In this Appendix, we outline the calculation of Lyp Ayp A.2p Eyp and E2p. This will demonstrate the technique
involved in these calculations. The calculations of L~~, A~~, A~~, E~~, and K~~ are longer, but involve nothing new,
and will not be given here."

First
g ( N

L»(t'»)= — e»I ~ "o'(1—~oo)E III «dv .
m 8U I,=,

(A4.1)

From (6.19)-(6.23), we see that

BPpp
(1—prop)E =—(1—orpp)E Upop' ———E U(1—x-pp)ppo =0. (A4.2)

Therefore I~p(t', N) =0.
Next

ho(N) f'=. O o(P»f')g dr;dv;, A o(N) f'= O o(P of')g dr~dv;. (A4.3)

Now from (6.23), we see that Pqp ——0, so App(N) f'=—0. In order to evaluate A~p(N) f', we must use the expression
for 0» given in (6.18), and then we get

1 ~ 88(r;—R) 8
&»(cV)f'= —P ' (Pppf)+dr;dv;.

m i=& 8r; 8U j=1

Since Ppp is independent of U, and f is independent of r and v, this result can be written as

Bf' 1 zr 88(r, —R)
A o(N)f'= —2 Poo ?Id d

8U m ~'=~ 8r; j=1

Since 88(r;—R)/Br, = —88(r;—R)/8R, the integrand in (A4.5) can be written as

( 1 8 ~ ) 8
Poo( —— P 8(r;—R) )= Poo

m 8Ri=~ 1 BR

(A4.4)

(A4.5)

The coeKcient of 8f'/8U in (A4.5) is therefore

N t9 N

Ppo g drjdvj= Ppp g dr, dv, =0
8R ~=i &R j=l

(A4.6)

since J'Ppp g; ~~ dr;dv; = 1. Therefore A.»(N) f'=—0.
The term

E o(t', N) f'(t t') = 0,( -'~"—ZooP of'(t —t'))g dr, dv;

is also zero, because ZppEpp= 0, and

&oo(Poof'(» t')) = f'(t t') &—ooPoo= 0—
The 6nal term, and the one of chief interest, is

N

Esp(t', N) f(t—t') = O»(e-'~oo(1 —vrpp)Z»Poof'(t —t'))g dr, dv;

N

+ e»L&( t'(1—~oo)~xo, t'&oo)& ' "&ooPoof'(I t')7g dr'dv+ 8»(& ' "~ooP»f'(t t'))g dr;d—v;. (A4.7)
j=l j=1

For reasons which we have discussed (ZppPpp=O P»=0), the second and third integrals in (A4.7) vanish. This
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r) 1 N c)8(r;—R) 8
&io= U. +—Z

c)R its i=i ciU
and a short calculation yields

cl

(1—iroo)&io&oof (&
—&)=I'ooF'~ U+ ~f'(t —t'),

BU/
where we have set

leaves the first integral to evaluate. Now from (6.4) and (6.18), we see that

(A4.8)

(A4.9)

F= — g 8(r,—R).
mP cjR i=i

Finally, we see from (6.18) and (A4.10) that we can write
8

eio=PF.
8

Therefore, we get the result that

(A4.10)

(A4.11)

(A4.12)
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Quantum Noise. IV. Quantum Theory of Noise Sources
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For a quantum system describable in a Markoiiian way, via a set of variables a = (ar, a&, ~ ~ },we show that
the Langevin noise sources F„in the operator equations of motion da„/dt=A„(a)+F„possess second mo-
ments (F„(t)F„(g))=2(D»(a, t))s (f-u). The difFusion coeKcients D„„can be determined from a knowledge of
the mean equations of motion via the (exact) time-dependent Einstein relation 2(D„,)=—(A„a„)—(u„A„)
+d(o„(t)a„(f))/dt, where ( ) represents a reservoir average. The sources t„,t„do not commute with one
another, and as a result the commutation rules of the u„are shown to be preserved in time. The mean motion
and diffusion coeScients are calculated for a harmonic oscillator, and for a set of atomic levels. We prove that
two dynamically coupled systems (e.g., field and atoms) have uncorrelated Langevin forces if they are
coupled to independent reservoirs. Radiation-Geld-atom coupling adds no new noise sources. We thus obtain
simply the maser model including noise sources used in Quantum Noise V. DI'rect calculations of the mean
motion and Quctuations in a system coupled to a reservoir yield relationships in agreement vrith the Einstein
relation. For reservoirs violating time reversal, anomalous frequency shifts are found possible that violate the
Ritz combination principle since hco12+Aco23+dcoq1 need not vanish.

1. INTRODUCTION AND SUMMARY

M UR treatment of quantum noise in this paper and
the preceding papers in this series' closely parallels

a corresponding discussion of noise in classical systems. '
The first paper (I) in our classical series provides a quasi-

' A reference to QV is a reference to the author's fifth paper on
quantum noise and relaxation. QI: Phys. Rev. 109, 1921 (1958);
QII: Phys. Rev. 129, 2342 (1963); QIII: J. Phys. Chem. Solids
25, 487 (1964); QIV: present paper; QV: in Physics of Quuntlm
Electronics, edited by P. L. Kelley, B.Lax, and P. E.Tannenwald
(McGraw-Hill Book Company, Inc. , New York, 1966); QVI:
"Moment Treatment of Maser Noise" (unpublished); QVII: "The
Rate Equations and Amplitude Fluctuations" (unpublished).

2 A reference to IV is a reference to the author's fourth paper
on classical noise. I:Rev. Mod. Phys. 32, 25 (1960);II:J. Phys.
Chem. Solids 14, 248 (1960);III:Rev. Mod. Phys. BS, 359 (1966);
IV: Rev. Mod. Phys. (to be published); V: Bull. Am. Phys. Soc.
11, 111 (1966) ) VI: ibid.

linear approach to stationary Markman random
processes. In the quasilinear case, it was easy to obtain
the corresponding Langevin theory of noise sources.
This work was generalized in (III) and (IV) to include
classical nonstationary nonlinear MarkofBan processes
treated erst from a Markman point of view and
second from a Langevin noise-source point of view. In
Paper IV, we emphasized the advantages and Qexi-
bility associated with the Langevin noise-source
approach.

The present paper extends the noise-source technique
to quantum systems. Quantum (and classical) systems
experience dissipation and fluctuations through inter-
action with a reservoir. Our philosophy is that the
reservoir can be completely elirisitsated provided that the
frequency shifts and dissipation induced by the reser-


