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Recently, the Fokker-Planck (F-P) equation, satisfied by the phase-space distribution function of a
Brownian (B) particle, has been derived from the Liouville equation, satisfied by the phase-space distribu-
tion function of the composite system, B particle plus fluid. We have started from a strictly quantum-
mechanical formulation of the problem, using a density-matrix description of the composite system, and
have shown that in an appropriate classical limit the F-P equation results. To lowest order in %, our tech-
nique gives the same expression for the friction coefficient obtained earlier from the Liouville equation.
In principle it yields corrections to the F-P equation to all orders in #. We have shown that for a uniform
fluid, the quantum corrections to the F-P equation to first order in % appear only as a shift in the friction
coefficient. If the classical friction coefficient {o is replaced by {o-+7%¢1, with an appropriate {1, then the F-P
equation is given correctly to order %. There is a difference in the mass dependence of ¢ and {1 which sug-
gests the existence of an isotope effect in the mobility of a particle moving through a quantum fluid. The
technique employed in the derivation is to consider the expectation value of the density matrix of the
system in a state in which the position and momentum of the particles are known with maximum accuracy
(Kennard packet). This expectation value u is an appropriate, positive, semiclassical phase-space distribu-
tion function. An appropriate equation is derived for u, which to lowest order in % is the Liouville equation.
The remainder of the derivation is similar to the derivation in the classical case (a suitable projection
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technique is used).

I. INTRODUCTION

N the theory of Brownian motion, the Fokker-Planck
equation occupies a central position.! Let M be the
mass of a Brownian (B) particle interacting with a fluid
of particles of mass m (m<KM), and let R and V be the
position and velocity of the B particle. Then the proba-
bility at time ¢ that the B particle will be found in the
region dR at R and that its velocity will be in the region
dV at Vis f(¢; R,V)dRdV. The function f(¢; R,V) is the
phase-space distribution function of the B particle and
it is an appropriate solution of the Fokker-Planck
equation

Tov ey 2 [V+(BM) 2 ] (w.1)
ot R av oy av /

In (1.1) Y is the total nondissipative force acting on the
B particle, { is the friction coefficient, and 8= (kT)7},
where %k is Boltzmann’s constant and 7' is the
temperature.

Recently, Lebowitz and Rubin,? Résibois and Dayvis,?
and Lebowitz and Résibois? have given new derivations
of the Fokker-Planck equation which are independent
of the usual stochastic assumptions.! These derivations
all start with the classical Liouville equation describing
the B particle interacting with the fluid particles. It is
the purpose of this paper to show how the Fokker-
Planck equation and its quantum-mechanical generali-
zation can be derived starting from the quantum-
mechanical density matrix describing the B particle
interacting with the fluid particles.

1S. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943); this paper
gives a review of the theory and gives references to earlier work.

2 J. L. Lebowitz and E. Rubin, Phys. Rev. 131, 2381 (1963).

3 P. Résibois and H. T. Davis, Physica 30, 1077 (1964).

4 J. L. Lebowitz and P. Résibois, Phys. Rev. 139, A1101 (1965).

In Ref. 4 a system is considered consisting of a
B particle of mass M and charge ¢ interacting with NV
fluid particles of mass m and zero charge. The whole
system is enclosed in a cube of volume @ and subject
to a very small, spatially constant, but time-varying
electric field E cos(wt+a). The authors start with the
Liouville equation satisfied by the distribution function
w of the whole system consisting of the B particle plus
the & fluid particles. By integrating out the variables
of the N fluid particles, linearizing with respect to E,
and taking the limit as N — o, @ —w, N/Q=p=con-
stant, a non-Markoffian transport equation for f results.
In the limit as {—co this becomes a Markoffian trans-
port equation for the steady-state distribution function
of the B particle, and this transport equation, when
expanded in powers of the parameter v= (m/M)Y?, is
to lowest order in v just the Fokker-Planck equation.
Furthermore, this derivation yields an explicit expres-
sion for the friction coefficient { as an autocorrelation
function of the force exerted by the fluid particles on
the B particle. It was also shown in Ref. 2 that higher
order corrections in vy to the Fokker-Planck equation
could be calculated.

In this paper’® we also start by considering the same
system of the B particle plus & fluid particles. (We con-
sider an electric field independent of time, but our
technique can easily be extended to cover fields varying
as E coswt.) However, we suppose the system to be
governed by the laws of quantum mechanics, and there-
fore the statistical properties of the system are given by

5 A preliminary account of this work appeared in J. McKenna
and H. L. Frisch, Phys. Letters 19, 112 (1965). [ Note added in
proof. It has been brought to our attention that this problem has
also been studied recently from the point of view of the Wigner
transform by H. T. Davis, K. Hiroike, and S. A. Rice, J. Chem.
Phys. 43, 2633 (1965).]
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the density matrix. Our starting point is therefore the
operator equation satisfied by the density matrix. By
taking the partial trace of this density matrix, we obtain
a reduced density matrix giving the statistics of the
B particle alone. The description of the system as well
as the operator equations for the density matrix and the
reduced density matrix are discussed in Sec. II.

Since the Fokker-Planck equation is an inherently
classical equation, it must in some sense be the classical
limit of the equation satisfied by the density matrix.
The authors of this paper have shown previously, in a
different context,® that an appropriate, semiclassical,
phase-space distribution function u can be obtained
from a density matrix 9T by considering the diagonal
matrix elements of 9 between Gaussian wave packets.
The classical phase-space coordinates appear as param-
eters in the wave packets. This transformation was
originally introduced by Husimi,” and we have called
it the Husimi transform. It has recently been studied by
several authors in different contexts.®-5-1% We shall use
the Husimi transform in this paper to get the classical
limit of the equation satisfied by the density matrix.
In Sec. ITI and Appendix I we will discuss the Husimi
transform, its relation to the Wigner transform, and the
modifications necessary when considering systems with
periodic boundary conditions.

In Sec. IV and Appendix IT we will derive the semi-
classical Liouville equation satisfied by the Husimi
transform of the density matrix of the system.

In Sec. V and Appendix IIT we will derive the non-
Markofhan equation satisfied by the Husimi transform
of the reduced density matrix in the limit as N —oo,
Q—w, N/Q=p=constant. Just as in Ref. 4, in the
limit as ¢—0, this equation becomes a Markoffian
equation for the steady-state distribution function.

Finally, in Sec. VI and Appendix IV we show that to
lowest order in v and 7 this equation is just the Fokker-
Planck equation. This derivation yields the same ex-
pression, to lowest order in 4 and 7%, for the friction
coefficient as Refs. 2-4. Furthermore, we calculate the
first-order correction in 7 to the Fokker-Planck equa-
tion. Itis shown that for spatially homogeneous systems,
the form of the equation is unchanged; only a correction
of order % is made to the friction coefficient. This cor-
rection involves not only the interaction between the
B particle and the fluid particle, but also the interaction
between the fluid particles themselves.

We feel the results of this paper are of interest for
several reasons. In the first place the paper provides an
interesting application of the Husimi transform (con-
tinuous representation) technique. It also provides a

6J. McKenna and H. L. Frisch, Ann. Phys. (N.Y.) 33, 156
(1965).

7 K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940).

8 J. R. Klauder, J. Math. Phys. 4, 1058 (1963); 5, 177 (1964).

9 J. McKenna and J. R. Klauder, J. Math. Phys. 5, 878 (1964).

0 C, L. Mehta and E. C. G. Sudarshan, Phys. Rev. 138, B274
(1965).
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quantum-mechanical derivation of Brownian motion
which shows how friction can arise from a quantum-
mechanical system in a perfectly natural way. Finally,
the fact that to first order, quantum effects manifest
themselves in Brownian motion only through a shift in
the friction coefficient is of considerable interest, and
this may have some bearing on the study of quantum
fluids.

II. FORMULATION OF THE PROBLEM

We begin by considering a heavy, spinless particle
of mass M and charge ¢ interacting with IV light, spinless
particles of mass m (m<<M) and zero charge. (These
techniques can be extended to systems of particles of
half-integer spin.) Let X be the coordinate of the B
particle, and x; the coordinate of the jth fluid particle.
The whole system is enclosed in a box of side 2L and
volume Q= (2L)3, and we assume that periodic boundary
conditions are satisfied at the boundaries of Q. In the
absence of any external field, the Hamiltonian is

1 1 w~
Hy=—P>4— 3 p;?
2M 2m =1

FEF plm-x)+E 05-X). ()

Here ¢ is the potential between two fluid particles and
6 is the potential between a fluid particle and the B
particle. We assume that § and ¢ have a range very
short in comparison with the dimension L of the box.
This will allow us to throw away boundary terms when
we integrate by parts in subsequent calculations. We
assume that all the forces involved are central forces, so
that actually @(r)=@([|7[|) and 6(r)=6(||r||), where
l7]|2=7124722475% We further assume that the po-
tential functions are smooth enough so that all sub-
sequent manipulations are valid. Otherwise, the specific
nature of the interactions is arbitrary.

In the presence of an external electric field E, the
total Hamiltonian is

We will assume that E is constant, although as shown
in Ref. 4, it is a straightforward matter to extend the
technique to include fields of the form E cos(wi+a).

Let 917 be the density matrix of this system, which we
assume to be normalized so that tr(9)=1. The matrix
element of 9N in the x representation is the function
;X x1,- - -, xw; X,x1, - - -+ ,Xx'), which we will generally
abbreviate by 9M(¢; X,x; X’,x’). This function must be
periodic with period 2L in each of its spatial coordinates.
Now 91 satisfies the operator equation

(o) of)=[H ], (2.3)
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which in the « representation can be written
om(; X x; X/ x') [ 2 { 8z 92 } n? { 92
ot L oom

ih

aX2 9X'?) 2m =

asz
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FE S0 = 806/ — 5} X (0= %)= /) ~9&—X)- E . (29

The reduced density matrix &, describing the B particle alone, has matrix elements

N
5(2 X; X)) = j on(t; X,x; X1 dx;,
2 =1

(2.5)

where the range of integration for each variable x; is the volume Q. These matrix elements satisfy the equation

at _;A} X2 9X’2

III. CONNECTION TO CLASSICAL
PHASE SPACE

In order to relate the quantum-mechanical description
of our system to a description in classical phase space,
we use the Husimi transform. The essential idea of this
transform, first used by Husimi,” is to consider the
expectation value of the density matrix in a state in
which the position and momentum of particles can be
determined simultaneously with maximum accuracy.

In order to illustrate its properties, consider first a
system having one degree of freedom, defined on the
whole real line, — o <x< . Let the density matrix in
the x representation be p(x,x), which is assumed to be
normalized so that tr(p)=1. Then, as is well known, the
minimum wave packet is of the form?!!

Y(x)= (;%)m exp{ -—%(x—-ry-i—i—?z;x} . (B

The expectation values of the position and momentum
operators with respect to this wave function are (x)=7
and (p)=mv, and AxAp="1/2.

various moments of /(r,):

o5 noer o N ) ) N
ih———=|: (———)—Q(X—X’)-E]if-l— S {6(x;—X)—0(x;—X") yon(¢; X, x; X’,X)H1 dx;. (2.6)

g =1

The Husimi transform of p is then defined to be

h(r,v>=(2%) / V@l W) dxde! . (32)

™

(For a system of particles of spin , ¢ would be a vector,
p a 2X2 matrix, and % a 2X2 matrix.) In a slightly
different context, some of the physical implications of
this transform have been studied recently by Klauder,?
its mathematical properties were investigated by
McKenna and Klauder,? its applications in the quantum
theory of optical coherence have been studied by Mehta
and Sudarshan,'® and it was employed by McKenna and
Frisch® in an investigation of high-field magnetoresist-
ance. We list here a few of its properties which show
why it is a good, semiclassical, phase-space distribution
function. Some of these statements are proved in
Appendix I, and proofs of the remaining statements can
be found in Refs. 9 and 10.

The function /(r,) is real, non-negative, bounded, and
infinitely differentiable.® As will be shown in the course
of this paper, in the limit as # — 0, k(r,2) will tend to a
solution of the classical Liouville equation. Further-
more, the following statements can be made about

/_ " ]; i (rp)drdv=tr(p)=1, (3.3)
[ o) () pomimsion,
/_ : f_ Z 2_”(>\h)"’2Hn(-(-):%)h(7,v)drdv= tr(pp) (3.5)

U L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 1955), p. 56.
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Equation (3.3) follows almost directly from definition
(3.2); in Egs. (3.4) and (3.5), which are proved in
Appendix I, H,(x) is the nth Hermite polynomial; and
Eq. (3.6) is proved in Ref. 10. In these equations » and
p, when appearing under the trace sign, denote the
position and momentum operators, respectively. Be-
cause of the relation (3.6), Mehta and Sudarshan® have
called the Husimi transform of the density matrix the
“antinormal ordered distribution function.” It should
be noted in connection with Eq. (3.4), that

7\ /2 A\ 12 (n/2] n! h\“
) E
A V3 a=0 al(n—2a)I\ 4\
Thus if we are only interested in a low-order expansion
in %, the moment equation simplifies. A similar remark
applies to (3.5).
The following important inversion formula, which is
discussed in Appendix I, holds:

0
p(S—H, s_t)=e()\/h)t2f eQimo/h)t
—»

I3
Xexp { ——DSZ} h(s,p)dv, (3.7)
4N

where D?=d?%/ds2.

Finally, we note the relationship of the Husimi trans-
form to the Wigner transform.!? The Wigner transform
of the density matrix is defined by

1 00
w(r,v)=—h/ p(r+t, r—t)e—@imeiitdy - (3.8)

™

and the following two relations are easily proved:

m2 00 00
Ji(r,p) =— / f e~ A (s=1) 2= (m2\B) (t—0)2
wh —o0 J —w0

Xw(s,t)dsdt, (3.9)

1 I3 hy/2
w(7,0)=— exp<|——DT2—-—D1,2}h(r,v). (3.10)
4N 4m?

m

We now consider the modifications of the above ideas
which are required when we consider a system defined
on the interval —L<x<L and for which periodic
boundary conditions are prescribed. For such a system,

2 E, P. Wigner, Phys. Rev. 40, 749 (1932).

we note that p(x,«") is periodic in each variable, with
period 2L. The prescription for taking the Husimi
transform is somewhat ambiguous in this case, for no
state ¢(x) exists satisfying both o(—L)=¢(L), and
AxAp=1/2. We have therefore arbitrarily chosen

ANV o
w(x) — <__> Z e—(\/27) (z+2nL—r)2+i(mv /%) (x+2nL)
T, n=—00
(3.11)

as the state to use in defining the Husimi transform.
For this state, we have

(x)y=r+0(e"), (p)y=mv+0(c"),

AXAP=%ﬁ+O(e—aL2/2) , (3.12)

where a>0. Then, we define the Husimi transform of
p to be

h(r,v)=<—mi>/ @*(x)p(x,x") (o' )dxdx'.  (3.13)

™ —L

However, if we make use of the periodicity properties of
o(x,2"), it can easily be shown that (3.13) can be
written as

m A 1/2 0
h(rp)= <———-) (-—) / =\ /2B) (e—=r)2—i(mo[B)w
2wh/ \rh

o —o0

X o1 e~ N2 (& =D imo W’ gy

- <2%> /_ i PH()p(e (o )daded . (3.14)

In other words, definition (3.2) holds for periodic density
matrices.

The Husimi transform of a periodic density matrix is
again a real, non-negative, bounded, and infinitely
differentiable function. In the limit as 2—0, it is a
solution of the classical Liouville equation. It is periodic
in » with period 2L:

h(r+2L, v)=h(ry). (3.15)

“This follows directly from (3.14) on making use of the

periodicity of p(x,x’). The analogs of (3.4) and (3.6) are
no longer true, but the normalization condition holds,

/‘” dvf drh(rp)=tr(p)=1, (3.16)
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and and
) L .
I R (e R R G (= ) [ eosxxuaax.
o (W) - (4.4)

(3.17)

[Equations (3.16)-(3.17) are discussed further in Ap-
pendix L] The inversion formula (3.7) is still valid.
Finally, if the Wigner transform is

1 L

w(x,v)=—/ p(x—+t, x—t)e=@imviitgy - (3,18)
ThJ_1

then

m ® o
h(x,)= <_> 3 e~ (M H) (=) 2= (m2 /M) (v—nrh/2mL)?
2L/ J

o uw
Xw(s, —_ —-—>ds.
2m L

IV. SEMICLASSICAL LIOUVILLE EQUATION

(3.19)

The results of Sec. ITI extend directly to our system
of 3N+-3 degrees of freedom. We define the two wave
functions

¢(X;X) E¢(X7X11 o

: ,XN)

=(5)" el R4 i)
wh, 2n =1

+1|:—R X—l—— Z i x,:”» , (4.1)

J=1

and
s(X)=<ﬁ)m exp{—%llX—RHw—A;R-x} . (42)

In these expressions, R and R are the classical position
and velocity of the B particle, and r; and t; are the
classical coordinates of the jth fluid particle. Then the
Husimi transforms of 9T and § are

a(#; RR; rf)
E’d(f, R)R’ LS PRI

';fN)

m 3N M 3 0
(_,> (——) f P X x5 X x)
2rh. 2rh. e

N
XX’ x")dXdX' I1 dx; dx;

(%)”(2]‘;) W),

L 72 3 Pl

Il

(4.3)

In addition to the properties of & and f which were dis-
cussed in Sec. III, it is easy to show that

N
/ 2 II drjdi;=F. (4.5)

=1
In Eq. (4.5), each t; integral is over all of R; while each
r; integral is over Q.

There are two important dimensionless parameters
in the problem. The first is the square root of the mass
ratio, y= (m/M)'/2 This is the expansion parameter of
Lebowitz, Rubin, Résibois, and Davis,>™* in_terms of
which they mtroduced the scaled velocity U for the
B particle, L

R=+U. (4.6)

The velocity U is now of the same order of magnitude
as the fluid particle velocities #;.
The second important dimensionless parameter is

a=\h/2mkT . 4.7

This parameter is a measure of the deviation between
the classical and quantum descriptions of the system.
A nice physical interpretation can be obtained by noting
that

o= (@) (v [J& p’] V)

i=12m
A N
MR S fﬂ} . @8)
=1

In other words, a is the ratio of the difference between
the expectation value of the kinetic energy and the
classical kinetic energy to the mean kinetic energy when
equipartition applies.

Before proceeding, we introduce a system of units in
which #/kT is unity. This will make it simple to intro-
duce dimensionless expansion parameters. Thus we
define new velocities V and v;, Husimi transforms u
and f, charge ¢, potential functions ¢ and 6, and time ¢
in terms of the corresponding quantity in the old dimen-
sions (represented by the corresponding letter with a
caret) by means of the identities:

m 1I2. m 1/2 m 1/2
V=<_) R’ Vj=<—-) fi: U=<—> G;

kT kT. kT

m m\ , BT\ BN+3)/2
R L

kT kT m

m k 3/2,. k 1/2
=—]¢, =73<——5 ) =(——S i (4.9
1 (kT)q ! m 7 m (
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(Notice that both u and f are normalized with respect
to U and not with respect to V.)
In terms of the new dimensions, we rewrite (4.3) as

”’(t; R’U, rf,vi) =4 (‘l’;m\b) ) (410)
where
A=y"3(m/2xh)3N 3T /m)@N+tDI2_ (4.11)

The inverse of this transformation can be written
M=M(u). (4.12)

These equations are written out explicitly in Appendix IT.
Now take the transform of both sides of (2.4). The
resulting equation for u can be written

o q_ Ou
—+Lut+y—E-—=0, (4.13)
ot m dU
where
N i} N 9 9 a
£u=[Z vi—+ta 2 ——+yU-—
=1 dr;  i=10v; Or; dR

d 0
+av3a—R'a—ﬁ]u+<I>(u)+®(u), (4.14)

%)= BULE, e ), (4.15)
®(u)=B(¢,[é 0, W), (4.16)

and B=(in/2ma)A, n=\/(mkT)''?, and A4 is defined in
(4.11). The differential operators in £ arise from the
kinetic energy terms in the Hamiltonian and from the
term gE-X by a straightforward process of integration
by parts. A detailed discussion of this calculation is
given in Appendix C of Ref. 6. The linear, integro-
differential operators ® and ®, which are written out
explicitly in Appendix IT, are complicated in appearance
but lend themselves readily to expansions in powers of
a and v.

Equation (4.13) is the analog of the classical Liouville
equation, and in fact, in the limit #— 0, £ becomes the
classical Liouville operator.

Then, either by integrating Eq. (4.13) over the phase-
space variables of the fluid particles, or by taking the
transform of Eq. (2.6) with the wave function £(x), we
get the equation involving f:

i) i} a
é‘ﬂ[U._eriE._f}

+366
R m oul " /

dR U

+ f @(u)fv[ dridv;=0. (4.17)

7=1

V. TRANSPORT EQUATION FOR f

Starting from Egs. (4.13) and (4.17), we can obtain
a transport equation for f. Our methods in this section
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parallel the methods used in Ref. 4. The first step is to
linearize Eqs. (4.13) and (4.17) with respect to E.

Toward that end, the equilibrium phase-space distri-
bution function is introduced:

MO(R;U; l’,V)Ep,O(R,U; L SPRIMRP /2% 6 PR ,VN)
=(4/Z),e ),

where H, is the equilibrium Hamiltonian (2.1),
Z=tr(e fH0), and A is defined in (4.11). It will be
assumed that u° is known; actually we will explicitly
calculate the first two terms of u® in an expansion in
powers of a. The function u° satisfies Eq. (4.13) with
E=0, and it is periodic in each spatial variable with
period 2L. In Appendix III it is shown that

MO(R7U; l’,V)
=“0(0’U; rl—R;' * '7rN—R, Vi,° ':vN) .

(5.1)

(5.2)

Upon integrating u® with respect to the coordinates of
the fluid particles, we obtain

N
PU)= f SRU e vy, (59)

which is a solution of (4.17) with E=0. The fact that
f%is a function of U alone is a consequence of (5.2) and
the periodicity of u°.

We now write
f=r+r, (5.4)

where u’ and f” are assumed to be linear in E. Then

p=po4u,

oy’ vq  Ou
2 ew=—Yp (5.5)
¢ m oU
and
af  _af 8 o
_+ U._+ 8y e f/
s VR T R o0
N vqg  9f°
+ / oI dravim— 8.2 (56
=1 m oU

The next step in the procedure is to formally solve
(5.5) and substitute the result in (5.6). In order to do
this we follow Lebowitz and Résibois¢ and employ
Zwanzig’s projection operator.!® Define

P(R)U7 1'>V)=M°/f°,

which can be interpreted as the conditional probability
of finding the fluid particles at r;, v;, given that the
B particle is at R, U. Then if #(R,U; r,v) is any phase-

(5.7)

B R, Zwanzig, Lectures in Theoretical Physics (Interscience
Publishers, Inc., New York, 1961), Vol. 3, p. 106.
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space function, the projection operator = is defined by
(«h)(R,U; 1,v)
N
=P(R,U;r,v)/h(R,U; r,v)]] drdv;. (5.8)
=1

If we note the fact that mu’=Pf, we can write
w'=(1—=)u'+Pf, and then rewrite (5.6) as
af af o 9 N
—+’YU 6R+ gﬁgﬁf -I-/@(Pf’)}g dr;dv;
fO

+/®((1—W)MI)H dr,dv,=——E —U (5.9)

By operating on Eq. (5.5) with 1—=, we get the equa-
tion for (1—m)u/,

ad
—(1—mp'+(A—m)e(1—m)y’
at

g ol
=——1—m)E-——(1—m)L(Pf). (5.10)
m U
This equation can be solved formally to give
t
A—mp'= —/ eV =ME(1—m)EPf'(1—1)dt
0
vq [ ol
—— | e?tme(l—7m)E-—d, (5.11)
m Jo 0U
where we have imposed the initial condition
,“,(O; R7U7 I'j,Vj)=P(R,U; l’j,Vj)f,(O; R:U) . (512)

Then if (5.11) is substituted into (5.9), the following
equation for f is obtained:

of of
AT SIS AL
at K R e aR an

+AWNY)f— / K{,Nq)f (t—t)dt

m

vq_ Ou’ ¢
=——E-—+y / LN . (5.13)
aU 0

In (5.13) the operators A(N,y) and K(#,N,y) ,and the
function L(#,N,y) are defined by

Awf =[O T v, (1)
K(t”NfY)f/(l_ t/)

/ (et -L(1—7)L(P f'(t—-t')))ﬁ drydvj,
’ (5.15)
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H drdv;.

L \Ny)=— /@)( —t (1-m (1 — 7r)E
J=1
(5.16)
The dependence of these quantities on N and v has
been emphasized in the notation, and the f’ in (5.13)
should be written f'(IV; ¢; R,U). These quantities, while
complicated in appearance, lend themselves to expan-
sions in powers of ¥ and a, as we will show in Sec. VI.
We next want to make the passage to the limit
N — o, Q—w, N/Q=constant. Before doing this, the
function f’ must be normalized so that the density of
B particles remains constant in the limit. Since we are
only going to consider a uniform system, we accomplish
the renormalization by replacing f by @f and u® by Qu°.
This is equivalent to multiplying Eq. (5.13) by @. We
assume that this has been done, and retain the old
notation.
We now make the “physical” assumption that f tends
to a limit as N — e, N/Q=constant:

lim f/(V; 4 R,0)=f(,U). (5.17)

Because we are dealing with a uniform system, f’(¢,U)
must be independent of R. We further assume the
existence of the limits

lim AV f' (N5 2 RU)=AM)S(0), (5.18)

lim K(/,N)f (V5 t=t; R,U)
=KW v)f't—t,U), (5.19)
lim L(#,N Y)=L({7). (5.20)

In (5.18)-(5.20) the limit is taken after the integration
over the coordinates of the fluid particles has been
performed. The resulting equation,

t

a !/
o aeny— f K@) f(i—t
at

0

l)dt/

=_—E ~—-|— / L y)dt', (5.21)

is the non-Markoffian, irreversible equation describing
the time evolution of the semiclassical distribution
function of the B particle. This corresponds to Eqg.
(2.31) of Ref. 4.

The final step in this section is to obtain the
Markoffian equation satisfied by the steady-state, semi-
classical distribution function of the B particle.!* The

14 For an additional discussion of the relation of the Markoffian
to the non-Markoffian equation, see R. Zwanzig, J. Chem. Phys.
40, 2527 (1964).
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steady-state distribution function f” is defined as the
“Laplace average” of f,

1 ]
f@hym—/eWMWﬂW, (5.22)

which we assume to exist. If we formally take the
Laplace transform of Eq. (5.21), divide by #, and then
let tp— 0, we get

vq_ 9f°

AW +—E-—=K@)f+vL(v), (5.23)
m oU

where we have assumed the existence of the limits

_ 1
K(v)f'=,10i§}°t‘ / oK) f(t=2)dt,  (5.24)
0J0

E(y)=}im f et L(l,y)dt. (5.25)
0 >0 N

VI. EXPANSION IN POWERS OF v AND «

In this final section of the paper, we discuss the
expansion of Eq. (5.23) in powers of ¢ and v. To get this
expansion, we return to (5.13), obtain the desired ex-
pansion of A(N,y), K(¢,N,y), and L(¢,N,y) and then
take the appropriate limits as V—o and {—w.

The first step in this direction is to obtain the first
few terms in an expansion in v of Eq. (5.13), which is
correct to all orders in %. We write

O=0¢+70:+y20s+- - -.

In Appendix II where explicit expressions for @, O,
and O are given, it is shown that

(6.1)

N N
/@O(M)H dridvi= | Ox(u)]] drjdv;=0. (6.2)
=1 =1
It is also shown there that ® is independent of v and

/‘I’(,u)ﬁ dl‘jde= 0. (63)

7=1

L(t',Ny)=vLi(t',N)+0(r?),

q uo®\ ¥
LNy =L f ®1<e_"‘£°(1—7ro)E‘"—“‘)H drdv;,
m oU

AN D) f'=vM(N) f'+7*4(N) f+0(v?),

N

M) f= / Ou(Pof)II drsdvs, Aa(N)f'=

j=1
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We can now write £=Lo+vyL1+ -, where

N 0 N d 4
L= vi-—+a 2 — —+9+0,,
=1  0r; J=19v; 0r;
s (6.4)
£1=U—+ 0.
1 R 1

The operator = must also be expanded in powers of v,
since in general the function P(R,U; r,v) depends on 7.
(We conjecture that P is actually independent of 7,
but we have been unable to prove this.) If we write
P=Py+~vyP+- - -, then we set r=mo+ym1+ - - -, where

Wn(h)=Pn/h ﬁldrjdvj, n=1,2,---. (6.5)
=
There is, of course, a corresponding expansion for u°
and f°,
“0=M00+’Y“10+ SRR f0=f00_|_,yf10+ e,
From (6.2), (6.3), (6.4), and (6.5), we deduce that
miLo=0, 6.6)

The next step is to expand ¢=¥'~™£ in powers of 7.
First note that because of (6.6), we have

(1—m)L=Lotvy(1—m)L1+0(v?.

Then e =mE|,_4=¢*%£0 and a relatively straight-
forward calculation?® yields

j=0,1,---.

4]
—e VUL = 8o — ¢/ (1—mo) L1, —¢'Lo)
a'Y =0
=a(—t'(1—mo) L1, Lo)e¥'L0,  (6.7)
where
(u,x) : {u,x}+ : {u,x?}+
a(u,x)=u+—{u,x}+—{u,x ceey,
21 3! (6.8)
{ux)=[ux], {wx"}=[{ux""},x].
Therefore, we have the expansion
G_t' (=L = {1+'ya(— t’(1—7r0)£1, l’£o)}
Xe ¥ E84-0(v?). (6.9)

We can now write down the expansions of L to order
v and K and A to order 2 [notice that because of (6.2)
they all start with a term of order v]:

(6.10)

[ (6.11)
: (6.12)
01(P f’)ﬁl drsdv;j, (6.13)

15 For the details of this calculation see Sec. IT in G. H. Weiss and A. A. Maradudin, J. Math. Phys. 3, 771 (1962).



145

K, Ny)f'(t—t")=yEK:(t',N) f' ¢—1)+v2K(,N) f (1—2)+0(v3) ,

K(@,N)f (=)= /@1(3“’£°£oPof’(t t’))H ar;dv;,

J=1
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(6.14)

(6.15)

Kz(t',N)f’(t—t/) = '/\®1(6*V°e°(1—1r0)£1P0fl(t—-t’))ﬁ drjde

N
+/@1(a[ t’(l 7To)£1, t’£o:| t,£0£0P0f,(t_t,))H dl']de—l"/@1(3—tl£°£0P1fl(t—tl))H dl’jde. (616)
=1

If now in (5.13) we replace A, K, and L by their
expansions correct to order 42 and then repeat the
limiting procedure outlined in the remainder of Sec. V,
we get the equation

af 8
0 oy fi° >
oU 10

= (vYK1+v2Ks) f'++2Ls.

The operators K; and K; are defined from K(#,N) and
Ky(',N) via Egs. (5.19) and (5.24), L; arises from
Ly(¢,N) via Egs. (5.20) and (5.25), and A; is defined
from A;(NV) by (5.18). The inhomogeneous term 2Ly
arises from quantum fluctuations which tend to drive
the system away from equlhbnum As we will soon see,
the expression (YK;+v2Ks)f’ is the source of the d1551~
pation, and (yA;+v%As)f’ can be thought of as arising
from kinematics. In terms of the Husimi transform,
Eq. (6.17) is the quantum-mechanical form of the
Fokker-Planck equation, correct to all orders in #. This
will be seen clearly when we expand (6.17) in powers of a.

Following our prescription of Sec. ITI, (3.8)-(3.10),
one can obtain a transport equation for the Wigner
distribution function. One should note, however, that
the 7 dependence of the Husimi transform and the
Wigner transform may be quite different.

We turn now to the final step in this paper, the
expansion of Eq. (6.17) in powers of a, correct to first
order in @. The procedure is to expand Ly(¢/,N), A1(NV),
Ae(N), K1(¢,N), and Ko(#,N) in powers of a, and then

(7A1+72A2)f’—|——E <

(6.17)

9R oR

apply the limiting procedures outlined in the latter half
of Sec. V. These calculations, while relatively straight-
forward, are lengthy and tedious, and we will only dis-
cuss the results here. An outline of some of these calcu-
lations is given in Appendix IV.

There are several important features of the calcu-
lation. In the first step, the expansion of ©, Oj,
and & in powers of ¢, each term in the expansions is a
differential operator. We write @¢=@g+a®:1+---,
01=01+aOnu+---, &=Py+aP;+---. These oper-
ators are relatively simple. We write out those of zeroth
order in @, while those of first order in ¢ are given in
Appendix II.

1 ~ 90(r;—R) 9
@00_‘ I Z T
m =1 9Or; av;
1 ~ 96(xr;— R) i)
Or=—2 ——— (6.18)
mi=1  Orj 6U
1 do(ti—11) 9
Fp=—— T
m =k ar; av;

We remark at this point that it can be shown from the
techniques used in Appendix II, that if © is expanded
in powers of @ alone, then @ | ;o= @gy+yB10. From this
result, and Eq. (4.14) defining £, we see that at =0,
£ is indeed the classical Liouville operator.

The next step involves an expansion of uo® and 1° in
powers of a. We write uo®=poo®+apor®t- - -, w1®=pu1°
+apu®+ - - -. In Appendix IIT, we show that

N
oo’ (R, U; 1,v) =0 exp{—hg}// exp{—ho}dRdU IJ dr;dv;, (6.19)
=1
where
ho=ho(R,U; 1,v)=1U02+41 Z v,2—|—-—z Z go(rj—rk)—l— Z 0(r;—R), (6.20)
=1 m =1
and
iIr¥y 9 9 1,79 9 N 9 9
mlo=_[z _._+_(__ iy 2 >]m (6.21)
=19v; dv; n? i=1 6r] or;
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Furthermore, u10°=u1:°=0. From these results one readily obtains

Food(U) = (2m)~312¢-30% |

Poo(R,1,v) = poo®/ foo®, P1o=Pu=0, Pol(R:fo)—_[Z —

It should be noted that Py and Py are independent of U.

With the aid of these results, Li(#',NV), A;(N)f’, and
K;(¢,N)f'(t—1'), =1, 2, can be expanded to first order
in a, and the results are as follows: Six of the terms
vanish:

Lult, V)= Lu(t,N) =0,

6.24
A1o(V)=Apo(N)=A2(N)=0, Kio(t,N)=0. 6.24)
Two terms have the following form:
af’
Au(N) f'=AN )w i
" (6.25)
o*f'(1— t’)

Kult,N)f (—t)=K({,N)
OR,IU,

In (6.25), R, and U,, u=1, 2, 3, are the components of
R and U, and the summation convention for repeated
indices is used. The coefficients A(N),, and K(#,NV),
can be calculated explicitly, but in the limit as V—o,
f/(&) will be independent of R, and so these terms will
not appear in the final formulation.!® The remaining

two terms have the form
Ka(',N)f (t—t")=Ko(t',N) i (U +—a—>f’(t—t’)
) wy 14 )
U, v,

(6.26)
Kl V) f (=) = Kt W) (U +—a-)f'(t—t')
21\0 . 1\, yvaU“ v aUy
+ Kot N)m—— 8re=). (6.27)

"

Again the term involving Ks(¢,N),, which is actually
an operator, will disappear from the final formulation,!®
and we will confine our attention to Ko(¢,N), and
K1(Z',N) o

The first of these two terms is

N
Ko(t',N)w=8 / PooF et 2o, T drjdv;. (6.28)
=1
In (6.28)
1
e — —R) (6.29)
mB AR, =1

16 While the analytic expressions for these terms are omitted
from the paper, they are available from the authors on request.

Ja®(U)= fr"(U)= fu*(U)=0;

(6.22)

a3 1/6 a‘ga 6)]P (6.23)
2\aR oR  i=1 9r; 9r; o

=1 av_-, 6V,

is the force exerted on the B particle by the N fluid
particles. The operator £ is

N 0 1~ 30(!‘,'—R) 6¢(rj—'rk)
Loo= 2 v;* "Z( +2 >‘_’
=1 dr; mi=1\ or; k=i Ot ovi
(6.30)

which is just the Liouville operator for a system of N
fluid particles interacting with a B particle held fixed
at R. The operator e~#“w is the time translation operator
for such a system. As Lebowitz and Rubin? have pointed
out, e~ $wF,=F,(—¢'), and the integral in (6.28) is just
the correlation function, (F,(0)F,(—¢)), of the force
exerted on an infinitely heavy B particle by the fluid
particles.

The second of these two terms, which is an even
function of ¢, is

K¢ N),.;:—B[F —"e%oo———- H dr;dv;
OR, i=1

82

+—

2 —(FM) "__(e t,mOPOOFV)H dr;dv;
1

N
+[3sz“6_"£°°{0£(— Y Lo, _t,ec()()).POOFy} 11 dr;dv;.

=1

(6.31)

Upon examination we found that unless an accidental
cancellation occurs, this term does not vanish. These
integrals can again be written as correlation functions
of forces, internal energies, and stresses. This can be
shown by expanding dP.1/dR,, and when this is done,
it will be seen that the first integral in (6.31) also in-
volves the interaction between the fluid particles
themselves.

If, finally, in (5.13) we replace A, K, and L by their
expansions correct to order ¢ and 2% and then repeat
the limiting procedure outlined in the latter half of
Sec. V, we get the equation

d
(U vt
U

Mg e

m

ad
(Ot af ) )f'. (6.32)
9 oU,
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In (6.32)

to—>00 N >0

Fw@=1lim lim / dt e oK o(t,N) e, (6.33)
0

00

dt et (LN ) . (6.34)
0

In form, (6.32) is just the steady-state Fokker-Planck
equation for a uniform fluid which has been linearized
in E.

Upon substituting expression (6.28) for Ko(t,V), into
(6.33), the result is just the expression obtained by
Lebowitz and Résibois? for the friction coefficient. (For
an exact comparision, one must express the result in
terms of the standard physical units.) Of course, under
our assumption of a uniform fluid, ¢, and ¢, must
both be multiples of the identity matrix.

We can summarize these results by saying that Eq.
(6.17) has as its classical limit the Fokker-Planck equa-
tion (6.32), and the limiting process yields expression
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(6.33) for the friction constant. Furthermore, the first-
order correction in % to (6.17) is obtained simply by
replacing ¢,,@ by {w@4afw®. One should note at
this point that the magnitude of the parameter a deter-
mines whether the system actually behaves in a quasi-
classical way. A certain degree of caution should be used
in merely attempting to expand in powers of the dimen-
sional parameter 7.

One interesting conclusion can be drawn. Since {,,©®
and {,,‘ depend on M in different fashions, the quantum
effects on the friction constant might be observable
experimentally. Thus one could expect a nonclassical
isotope effect when one studies the mobility of a heavy
molecule or ion moving through a quantum fluid at
sufficiently low temperatures. Possibly the isotopes of a
heavier inert gas ion (Ne, etc.) in liquid He may exhibit
such a phenomenon. The nonclassical portion of the
mobility reflects, as we saw, the dynamical properties
of the quantum fluid and could thus be a probe, albeit
as yet of questionable sensitivity, for studying quantum,
and in particular superfluid, fluids.

APPENDIX I

In this Appendix we discuss several properties of the Husimi transform. First we outline the proof of Egs. (3.4)
and (3.5). If one substitutes expressions (3.1) and (3.2) into the left-hand side of (3.4), the v integration can be

performed, and the result is

[ ) () Yromin

A\ L2 [/2
IoR:
ah. A

n/2 0 0 \ 1/2
[ p (2,0 dx f H,.(r(}) )e—wm—rﬂdr. (AL.1)

In the inner right-hand integral of (Al.1) make the change of variables r=x-(%/\)'/%¢. Now expand

H . (u+(\/#)1/%) in a Taylor series,

(A1.2)

(o1 Q)") 2O i

In (A1.2), we have made use of the recursion formulal” H,'(x) = 2nH,_1(x), and the fact that H,(x) is a polynomial
of degree #. Thus the inner integral on the right of (A1.1) is

© AN 12 INVZ n mn /N @2 w TIN12Z N /2
/ H”(r<—> )e_(klh) (I—T)2d7=<_> Z( )(—> (Zx)a/ Hn_a(u)e_uZdu__— (-——) 2”(—) x”’ (Al's)
o %, A a=0\a/ \7, —» A h

since S o® Hno(t)e du=1254,, a<n. When (A1.3) is substituted into (A1.1), the desired result is obtained.
The simplest way to prove (3.5) is to go over to the p representation and then repeat the above proof of (3.4).
We next discuss the inversion formula (3.7). To start with, we make the change of variables

s=3(x+a"), t=3(x—2a'), (A1.4)
in the integral (3.2) defining /(r,v). Then we can write
m )\ 1/2 0 0
h(rp)= <_><___) / / ¢ OB (== = GimB vty (s4- £ s— {)dsdt. (A1.5)
ah/ \rh R

17 Handbook of Mathematical Functions, edited by M. Abramowitz and I. A. Stegun (U. S. Department of Commerce, National
Bureau of Standards, Washington, D. C., 1964), Appl. Math. Ser. 55, p. 783.
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If we take the Fourier transform of both sides of (A1.5) with respect to », and multiply both sides of the resulting
equation by exp{(\/%)¢*}, there results

A 1/2 L] 0
(———) / e MR (=% (s4-¢, s—t)ds=e("/")‘2f e@imimvth (r 4)dy. (A1.6)

™ —0

The left-hand side of this equation is just the Weierstrass transform of the function of s, p(s+1, s—?). This trans-
form has been extensively studied in the mathematical literature.!® In particular, it is known that the operator
exp[ — (%/4\)(d?/dr?)] inverts this transformation under conditions sufficiently broad to include the case under
consideration here. If this operator is applied to both sides of (A1.6), Eq. (3.7) results.

We now discuss some of the mechanics of the modifications involved when a periodic system is involved. In the
first place, the function ¢(x), defined in (3.11), which is used to define the Husimi transform, is not normalized to
1 when considered as a function on —L<x< L. In fact, a straightforward calculation yields

L w 2mul
N"’———/ | o(x)|2dx=14-2 3 e WL cos<7n>=1—l—0(e—“‘2/"). (A1.7)

_L n=1

This shows that the normalization tends exponentially fast to 1 as L — o,

The calculations involved in (3.12) are somewhat lengthy, and since they do not have a direct bearing on the
main calculations of this paper, we omit them.

The normalization condition (3.16) is proved most easily by starting from Eq. (A1.6) with /=0. Integrating
both sides of the resulting equation with respect to 7 from —L to L gives

L ) )\ 1/2 L )
f dr f (rp)dv= <—) / dr / e MB =2 (5. 5)ds. (A1.8)
—L —o0 1rh —L —

The integral on the right of (A1.8) can be successively transformed as follows. First write the integral over s as
o © 2n+1)L
f (--)ds= ¥ (---)ds.
—0 n=—%° J (2n—1)L

Then in the nth double integral, make the change of variables, r=¢+2xnL, s=u+2nL, and make use of the
periodicity of p(s,s). Upon summing on 7, one obtains

L © }\ 1/2 L 0 L
/ dr [ h(r,p)dv= (—) f o(u,m)du / e~ AR t—u)idy= / p(u,u)du. (A1.9)
L Jew ah L — L

The proof of (3.17) can be outlined as follows: Since p(x,4) is periodic in % and ' with period 2Z, it can be
developed into a double Fourier series

plx,x)= D Y pue™iL eval), (A1.10)
p=—00 y=—=00
It is readily shown that
w  furh\”
tr(pnp)=2L 3 <’~L‘_> Pups (Al1.11)
u=—00
and that
L 2mIN (mIN1?
/ h(r,v)dr=<——)<——> > puue AR (mo—pmh]L)? (A1.12)
—L 7rh A p=—00

Upon multiplying both sides of (A1.12) by 2="(A%)"/2H ,(mv/(A%)'/%) and integrating with respect to v, calculations
similar to those leading to (A1.3) yield (A1.11) on the right-hand side, which is the desired result.

187, I. Hirschman and D. V. Widder, The Convolution Transform (Princeton University Press, Princeton, New Jersey, 1955), Chap.
VIIL. This is a standard treatise which also contains a large bibliography.
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APPENDIX II

In this Appendix, we first write out explicitly the relationship between the density matrix 91 of the system
of N fluid particles plus the B particle, and the Husimi transform of the density matrix. This is most conveniently
done by introducing into the integral (4.9) the change of variables

S=3(X+X), T=3X-X), s;=3(x+x%/), ti=3(x—x/). (A2.1)
Then, Eq. (4.9) can be written out explicitly as

n(t; R,U;rf,Vj)=v‘3C/ eXp[——[HS RH‘*+|IT1P+Z(]lsf—rJH“rIltallz)]—t—[—U T+Z Vit t;]}

a J=1

N
XM(t; S+ T, s+t; S—T, s—1)dSdT I] ds;dt;, (A2.2)

J=1
where

7 (3N+3)/2
C= <(2 )3) , 9=\ (mkT)!2, (A2.3)
Ta

In (A2.2) the domain of integration for each variable is all of Rs. This expression can be inverted, using the tech-
nique described in Appendix I, to give

(ST, 65—, o= =exp| - [IITllz+ZIIt]ll2]} / exp{ﬁ—[—u T+Y v t]}

j=1

{ a ( a 0 +ZN: a 9 S.U; o
Xexpy——\—— —_— ¢ d dvi. (A24
P 292\0S 9SS s=10s; 6s1>} ( ) H v )

Again the domain of integration for each variable is all of Rs.
With the aid of (A2.3) and (A2.4), expressions (4.15) and (4.16) for ®(u) and ©(u) can be easily written down
explicitly:

@<u>=v-3(£;)c / exp[——[ns Rn2+zus,—r,nz]—z~[—u T+ vyt ]}

J=1

xz{o(s,+t—s T)—6(s;—t;— S+T)}deTnds,dtJ

J=1

a/9d 9 N I 0
[ enliTho g oo en| -2 2 L OV s fr o oa
/eXplza[ Elv’ =P 272\8S 8S Elas, ds; wl sv) H V. (A25)

The expression for ®(u) is the same as the expression for ®(u) except that the factor

N
E{B(Sj"}‘tj—‘ S—T)—06(s;i—t;—S+T)}=26(5,T,s,t) (A2.6)
is replaced by
P z;{ o(si+ti—si—ti)— o(si—ti—sitt) }=Ae(s,t). (A2.7)
i<

In order to expand ®(u) in powers of v, the first step is to make the change of variables T — 4T in the integral
(A2.5). This has the effect of multiplying the whole expression by 73, eliminating v from all the exponential factors,
and replacing AG(S T,s,t) by A0(S,vT,s t) From (A2.3) it follows that y appears only in the term A&(S,'yT s;t).
The next step is to expand A6(S,yT,s,t) in powers of y:

+-e- (A2.8)

7=0

9 ;
A(S;yT,s,t)=A0(S,0,s,t)+~T- a—AG(S,v,s,t)
<

o2 I\ 2
+——<T--——> 0(S,z,s,t)
=0 21 a‘!
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When this is su}')s_tituted into (A?.S), the desired expansion of the operator © results. The T integrations can be
carried out explicitly, and we write out the first three terms in the expansion:

Oulu)= (3—’;—)0 / exp{—£EHS—R|P+ 2 lsnl i vt} 400505008

a =1

N n N a/9d 90 N 9 9 N
thasin [ el vt sn (228 2 Yl v
P aim 272\98 98 i=216s,- a5, |15 U sVIL v, (829)

@1<y>=(i—“)(g3r3)3c / exp{—££:JS—Rxl2+g Isi=r1=i" 2 vyt

7 n a =

N N a a
xXII dedtj/ exp{i:’l- > Vj,'tj} exp{—i<——-—+§ ii)} g

Jd N
2. {0(s;+t;—S)+0(s;—t;—S)}dS
0S, =1

N
u(t; S,U; 8,v)IT dvi/, (A2.10)
=1

j=1 a =1 292\0S 9S i=19s; ds;/ ) AU,
ia\ 2 /2ma\ 3 7? N n N 9?
Yo (—) (—) c ] exp{——EHS—RIIZ—FZHsy-—er?]~i— 5 v,--tf} { A<s,o,s,t>]ds
7 7 2a 7=1 a =1 05,0 8

a/d 9 N 3 0

o oo el S E O P s
s;dt; | expii— 2 vi-tjt exp{ ——\—'— —_— £ SU:s.v )
PR a7 272\0S 9S =1 ds; as,-)}aUaaUa”(’ ’U’S’V)yg dvi'. (A211)

In (A2.10) and (A2.11) the summation convention for repeated indices is employed.
If one now examines

N N
@o(u)n1 dv; and O2(w)IT dv;,
J= =1

with the aid of Eqs. (A2.9) and (A2.11), it is easy to see that these two integrals must vanish.

Since the expression for ®(u) differs from the expression for @(u) only in that Af(S,T,s,t) is replaced by Ae(s,t)
when the change of variables T— T is made in the integral defining ®(u), v will disappear from the resulti’ng’
expression. Therefore ®(u) is independent of .

We finally turn to the expansion of ®, ©1, and & in powers of a. Consider © (w) as an example. In the int
in (A2.9), make the change of variables ’ P ¢ Integral

S— R+Q2a/n)'2S, s;—1;4(20/1)'s;, t;— (a/n)t;.

After this change of variables, we have

@0<n>=(i—”)(—1-)(m3)'2 / exp(—[18]2= Z =i X vt

2ma/ \4m3
N 2a\ 1/2 a 2a\ 12 a v N
X3 {o(rj—R—l—(—) (sj— S)-I——t,-)—@(rj—-R-{—(——) (s;— S)——t,-) }dS 11 dedtj/- exp{z > v/ t;}
=1 Uk 7 n” n =1 Y

o« { a<6 a_l_fa 3 ( R 2a\ 12 2a\ 1/2 N
expi——|—"— —— )l ERH(—=) SUiri+(—) sv/ '
P 27\eR R @ =i on, ar,)l” +<n2> ra+<n2> 85,V ]I=Ildv/. (A2.12)

Now, each term in the integrand can be expanded in powers of 4/a. When this is done, the resulting integrals can
be easily evaluated, and the coefficients of half-odd integer powers of @ will vanish, as they should. This same
technique can be applied to ©; and ®. We have already written out ©q0, O10, and &, in Sec. VI. The remainin

three terms of interest are g

1 & 0 /9%(xr;i—R) 3 1 »~ 3%(r,—R) o2
Oulp)=— 2 <~—r——~ —“>+—-2NZ =l _o (A2.13)

mn? i=1 07ja\ 07;a07js O0jp mn? i=1  07;a07;p OR 0758 ’
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1 ~ 9 329(1','— R) ou 1 ~ 620(r,-—R) 0%u
Ou(u)=—: ——<——— —‘>—~“ x , (A2.14)
mnz 7=1 074 ar,-aar,-g 6U,3 mn2 =1 67'ja87'jﬁ 3RaaUﬁ
9 (3%p(ri—1i) Ap 1 %o(rj—1;) %
®y(u)=— (—— —) . (A2.15)
mn® =k 07 070758 Vs mnz 7k 0772078 O7ka0Vjg

In Egs. (A2.13) through (A2.15), 7ja, %ja, j=1, 2, -+, N, a=1, 2, 3, denote the ath coordinates of the vectors r;
and v;, respectively ; U, is the ath coordinate of U; and the summation convention for repeated indices is employed.

APPENDIX III

In this Appendix, the properties of the equilibrium phase-space distribution function u°(R,U; r,v) are studied in
more detail. We first outline the proof of Eq. (5.2). This statement rests on the fact that the free Hamiltonian
H, defined in (2.1) is invariant under the simultaneous translation X — X+, x;— x;49, =1, 2, ---, N, for
any fixed vector p. With the aid of this fact, it is easy to prove that the matrix element of ¢80 in the X repre-
sentation must satisfy

X,xy,- - yxy| e P X xy, - - 30y =(XH0, x1t0, - xxt+o|e | X +o, X'+, - - xx'F+0).  (A3.1)

If we now define u(R, U; r,v) by replacing in Eq. (A2.2) the matrix element of 917 by the matrix element of Z—1¢=6o,
and make use of Eq. (A3.1), then it is simple to show that

F’O(R+97 U; 1'1+9,' . 'arN+9) Vi, '7vN)=:U'O(R)U; Iy, IN, Ve '7VN> . (A32)

Equation (5.2) follows directly from (A3.2) by setting p=—R.

We now indicate the steps by which one calculates the first few terms in the expansion of u°, in powers of a.
We do this using the standard physical units, and at the end of the calculation transform to units in which m/kT=1.
The starting point is the relation

(e (A3.3)
where H, is defined in (2.1) and ¢ is defined in (4.1). Since ¢ is an exponential function, we can write
Hoy(X,x)=h.(X,x)¢(X,x),
where %,(X,x) is a function of the variables X, xi, - - -, Xy A trivial calculation yields
h(X,x)= ——~1|—MX R>+zMRH2—2— 5 = Ak 1) i
m =1
3\ 3NNk
+ +~—+Z 2 ‘P(X:'—Xk)‘l"z i(x;—X), (A3.4)
2m i<k
and by noting that Z = H(ha—1), we obtain the recursion relation
9 0 N 0 O
h“l:l:——— ————— > ——-————{ ANX— R)+7,MR} —_— Z{ Nx;—1;)+imi;) - —+h1:|hn (A3.5)
oM 9X X 2mi-10x; 9x; M m =1

If we expand %, in powers of 7,
hn=hn,0+hhn,1+ h2hn,2+ Tt

substitute this expansion into (A3.5), and equate like powers of %, we get a series of recursion relations which can
be solved successively. The recursion relation for /0 is just %a,0=%1,0ka—1,0, which has the solution

Bno=(h1,0)". (A3.6)
The recursion relation for /,,1 is
3N 3N\
A (274—+~2— {0y (1= 1) flhs ), (A3.7)

m
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where

A _ A N
F= X X1, - Xn) = {ﬁ(X——R)-—iR} : {—ﬂ(X—R)—l—i)\R—l—E &e(xj—X)}

+z{ {m(xj—rj)—m} {~—<x,—r,>+m+~e<x, X)+ ¥ —so(xj—xa]]. (A38)

k#j 0

We now define the generating function

F(p)= > g—/zn,l. (A3.9)

n=1 7!

If Eq. (A3.7) is multiplied by /7! and summed on #, it is not difficult to show that F(p) satisfies the differential
equation

~d‘}i“hl,oF ‘le‘}‘—)\'l"ﬂ} Ph1,0 (A3.10)
dp 2M  2m

Since we know that F(0)=0, the solution of (A3.10) is
F(p)= [ 2f+<—£+ijﬁ)p]eﬂhw. (A3.11)

2M 2
We now notice that we can write
A\ (BN+3)/2 A N ~
wien=(=) [ ew| ORI Sl n G0 Doy, 030
If in (A3.12) we make the coordinate transformation X — R4-(%/N)V2X, x;— r;4(B/N\)12%;, j=1, 2, , N,

replace /, by its expansion in powers of 7%, and then expand each coefficient /. (R4 (%/A\)/2X r-- (h/ >\)”2x) s a
Taylor series in /%, the resulting 1ntegrals can all be easily evaluated. All the terms involving half-odd integral
powers of 7 vanish, and we have

g N J 9

0, Ho0) = o(R,0)+ [ <i —ty —~—->hn,o<x,x>+hn,l<x,x):|

o(%?). A3.13
0X 9X =1 0x; 0x; + ( ) ( )

(X=R,x=r)

If we multiply (A3.13) by (—B)*/=! and sum on #, we then get
(¢,e—ﬁHo‘/,) l np=€ PPLORD) ,

=|:i<_a_ i—i—% _a_ i) exp[—Bh1,0(X,x) ]+ F(— ‘3)]0{_1{ N (A3.14)

a
'__"(’1076_}”[03[/)
dh AN\OX 90X =10x; Ox;

h=0

The expression on the right-hand side of (A3.14) is easily evaluated and can be written

6(¢ sitng) l:)\ J 6J)\ N d 9 1/8 %a J
— (e PHo = —— ) |e PO ®R,) A3.15
o p—o LAM?2 aR R am2 =1 ar, dt; 4)\\6R aR 7=1 9t; 6r,>:| ( )

The final step in determining the expansion of u° is to note that

2w\ /21l
/ (W, PH0y)dRIR Hdr,dr] < i ) (—) Z. (A3.16)
m M

Upon transforming to units in which m/k7'=1 [defined in (4.5)], the derivation of Eqgs. (6.19)-(6.21) is direct,
and we omit the details. One point is worthy of comment, however. Because of the form of (A3.15), Z/4, when
expanded in powers of @, has no term of first order.?

18 This is a well-known result; cf L. D. Landau and E. M. Lifschitz, Statistical Physics (Addison-Wesley Publishing Company,
Reading, Pennsylvania, 1958), p. 99.
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APPENDIX IV

In this Appendix, we outline the calculation of Lo, A1o, Aso, K10, and Kgo. This will demonstrate the technique
involved in these calculations. The calculations of L1, A1, Asi, K11, and Ko are longer, but involve nothing new,
and will not be given here.!®

First
q , Opoo®™\ N
Lm(t/,N):— /@10(6_‘ £°°(1—7r00)E' )H dridv;. (A4:1)
m U /=1 »
From (6.19)-(6.23), we see that
Ao’
(1—me0)E- 50 =—(1—moo) E- Upoo?= — E- U(1—mo0) poe®=0. (A4.2)
Therefore Lio(¢/,N)=0.
Next
N N
Aw(N) f'= /®10(Poof/)H drjdvi, Aso(N)f'= | On(Puof)]]I dridv;. (A4.3)
=1 =1

Now from (6.23), we see that P1;=0, so As(N)f’=0. In order to evaluate A1o(V)f/, we must use the expression
for ®y given in (6.18), and then we get

1 ~ 90(r;—R) 9 N
Aw(N) f'= ;ng;B(Poof')gldrjde- (A4.4)

Since Py is independent of U, and f” is independent of r and v, this result can be written as

af' 1w GO(Ij—R) N
AN fr=—- | =% —2"Po, II dr;dv;. (A4.5)
U J ma=1 9y =1
Since 36(r;—R)/dr;=—30(r;—R)/0R, the integrand in (A4.5) can be written as
P ( P R)> ?
——— 3 0(;—R) ) =—Py,.
"\ mar=T aR
The coefficient of df'/0U in (A4.5) is therefore
a N <] N
/ —Pgo H dl‘jde=-—— /Poo H dl'jde=0, (A46)
oR = R =1

since S Poo [Tj=1? drjdvj=1. Therefore A1o(N)f'=0.
The term

N
Klo(t/,N)f,(t— t/) = /@10(6—t£°°£ogpoofl(t— t’))H dl’jde

j=1
is also zero, because £yPgo=0, and
oeOO(POOfI(,t_ t’)) = f’ (t— t,)£00P00= O .

The final term, and the one of chief interest, is

N
Ka(t,N) ft—1")= f Oo(e™E0(1—m40) L10Poo f' (t— NI drjdv;
=1

N N
+/@1o[a(—t’(1—700)£10, t’£oo)e“"£°°£ooP00f'(t—t’)]H dl’jde+/@1()(8—"‘?’003001)10]“()5—“tl))H dl‘jde. (A47)
=1

=1

For reasons which we have discussed (£90Poo=0, P1p=0), the second and third integrals in (A4.7) vanish. This
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leaves the first integral to evaluate. Now from (6.4) and (6.18), we see that

i) | 1w~ GO(I‘J—R) d

£1=0U- ;
OR mi=t  9r;

and a short calculation yields

a
(1 "'71'00)£10P00f’(t— t') =,8P()0F . (U+_)f,(t“‘ t’) )
au,

where we have set

1 0 ~
=———73 0(r;—R).
mB IR =1

Finally, we see from (6.18) and (A4.10) that we can write

I
T

Therefore, we get the result that
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U’ (A4.8)

(A4.9)

(A4.10)

(A4.11)

flav i (og)ren. e

N
Kzo(t',N)f’(l—l')=62/P00F,,e—"-9°°F,, II dr,-dvjaU
=1
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Quantum Noise. IV. Quantum Theory of Noise Sources
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For a quantum system describable in a Markoffian way, via a set of variables a= {a1,az,- + -}, we show that
the Langevin noise sources F, in the operator equations of motion da,/d¢=A4 ,(a)+F, possess second mo-
ments (F,()F, (#))=2(D,,(a,))5(t-u). The diffusion coefficients D,, can be determined from a knowledge of
the mean equations of motion via the (exact) time-dependent Einstein relation 2(D,,)=—(4,4,)—(2,4,)
+d{a,(#)a,(#))/dt, where ( ) represents a reservoir average. The sources F,,F, do not commute with one
another, and as a result the commutation rules of the @, are shown to be preserved in time. The mean motion
and diffusion coefficients are calculated for a harmonic oscillator, and for a set of atomic levels. We prove that
two dynamically coupled systems (e.g., field and atoms) have uncorrelated Langevin forces if they are
coupled to independent reservoirs. Radiation-field-atom coupling adds no new noise sources. We thus obtain
simply the maser model including noise sources used in Quantum Noise V. Direct calculations of the mean
motion and fluctuations in a system coupled to a reservoir yield relationships in agreement with the Einstein
relation. For reservoirs violating time reversal, anomalous frequency shifts are found possible that violate the
Ritz combination principle since Awis-+Awes+Aws: need not vanish.

6 MAY 1966

1. INTRODUCTION AND SUMMARY

UR treatment of quantum noise in this paper and

the preceding papers in this series® closely parallels

a corresponding discussion of noise in classical systems.?
The first paper (I) in our classical series provides a quasi-

1 A reference to QV is a reference to the author’s fifth paper on
quantum noise and relaxation. QI: Phys. Rev. 109, 1921 (1958);
QII: Phys. Rev. 129, 2342 (1963); QIIL: J. Phys. Chem. Solids
25, 487 (1964); QIV: present paper; QV: in Physics of Quantum
Electronics, edited by P. L. Kelley, B. Lax, and P. E. Tannenwald
(McGraw-Hill Book Company, Inc., New York, 1966); QVI:
“Moment Treatment of Maser Noise” (unpublished) ; QVIL: ““The
Rate Equations and Amplitude Fluctuations” (unpublished).

2 A reference to IV is a reference to the author’s fourth paper
on classical noise. I: Rev. Mod. Phys. 32, 25 (1960); I1: J. Phys.
Chem. Solids 14, 248 (1960) ; III : Rev. Mod. Phys. 38, 359 (1966) ;
IV: Rev. Mod. Phys. (to be published); V: Bull. Am. Phys. Soc.
11, 111 (1966) ; VI: ibid.

linear approach to stationary Markoffian random
processes. In the quasilinear case, it was easy to obtain
the corresponding Langevin theory of noise sources.
This work was generalized in (III) and (IV) to include
classical nonstationary nonlinear Markoffian processes
treated first from a Markoffian point of view and
second from a Langevin noise-source point of view. In
Paper 1V, we emphasized the advantages and flexi-
bility associated with the Langevin noise-source
approach.

The present paper extends the noise-source technique
to quantum systems. Quantum (and classical) systems
experience dissipation and fluctuations through inter-
action with a reservoir. Qur philosophy is that the
reservoir can be completely eliminated provided that the
frequency shifts and dissipation induced by the reser-



