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to the rate exp(—t/74), is found to be
1a~=T1[26(n*,/D)+8(nl,/D) P T1=T,/s.

Here T1=2D/C is the period of the fundamental mode,
ln=n/pc is of the order of the mean-free path, # is the
mode number (#=1 being the fundamental), and D is
the length of the side of the square tube considered. The
first term in the brackets comes from the losses outside
the boundary layer and the second term from the losses
inside the layer.

The quantity l,=n/pc depends on both the density
and the temperature of the gas. At room temperature
and a pressure of approximately 1 mm Hg, we have
for He, 1,~10~% cm. Then, if D~1 cm, we obtain for
the first mode n=1, 74~T,. Under these conditions
the decay of the acoustic waves will be quite rapid, and
it would be very difficult to observe acoustic resonances
in a plasma at room temperature and pressure =1 mm
Hg or less. This may explain why the acoustic resonances
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described by Strickler and Stewart were observed only
at comparatively high pressures (=~13 mm Hg), in
which case we get 74~~5 T.

In the afterglow experiments of Berlande, Goldan,
and Goldstein, the number density of the neutrals was
N~7X10" cm3. The plasma was submerged in a
bath with a temperature of 4.2°K, and at the corre-
sponding low gas temperature in the discharge the
coefficient of viscosity is estimated to be lower than the
value at room temperature (y=<1.9X10~* cgs units) by
more than a factor of ten (using, say, Sutherland’s
formula?). Therefore I,=17/pc will be less than 10~ cm.
The corresponding value of the decay time is then found
to be 74>10 Ty, which is consistent with the experi-
mental observations.

2 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York,
1954), p. 565.
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Some results of interest in classical nonequilibrium statistical mechanics, previously proved to all orders
in the interaction, are proved without recourse to perturbation expansions, making it possible to avoid con-
vergence questions. One theorem so proved is that when the interaction is switched on slowly, a Maxwellian
distribution goes into the canonical distribution at the same temperature. The two steps in the Prigogine
theory of the approach to equilibrium that originally depended on a perturbation proof are also demon-
strated nonperturbatively. Lastly, the statement that in equilibrium cluster expansions in the density there
are no articulation points in the graphs contributing to the reduced distributions is proved from a time-

dependent point of view.

I. INTRODUCTION

N classical-statistical mechanics, as in quantum-
statistical mechanics, perturbation theory has been
a convenient tool for investigations into nonequilibrium
and transport problems. It has been possible in some
cases to sum perturbation series in the interaction
strength to all orders to obtain sensible results. How-
ever, because it is extremely difficult even for finite
interactions to prove convergence, it is useful to avoid
perturbation expansions when possible. A procedure
which treats the time development of the classical
distribution function nonperturbatively is developed
here. It is used to justify certain results originally ob-
tained by perturbation methods. The approach is
formally quite similar to time-dependent scattering
theory.
Two problems, the calculation of thermal averages
and the approach to equilibrium, are reconsidered. It

has been shown that it is convenient to compute thermal
averages of many-time quantities by introducing an
interaction picture! The distribution function can be
regarded as resulting under the mechanical motion of
the system out of an initial unperturbed distribution
function when the interaction is turned on slowly.? If
the distribution function is canonical, the initial dis-
tribution function before the interaction is switched on
is Maxwellian at the same temperature, and conversely.
A proof not involving perturbation theory is given here
as an alternative to the perturbation proof given
previously.!

A second application is to the Prigogine treatment of
the approach to equilibrium. The theory, as developed

! R. Aronson, J. Math. Phys. 7, 221 (1966).

2 The term “slowly” means the same as the more commonly
used “adiabatically,” which we avoid to eliminate possible
confusion.
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by Prigogine, Henin, Résibois, and Andrews?* starts
from certain assumptions about the analytic behavior
of certain quantities and shows that the equilibrium
distribution is approached asymptotically. There are
certain stages in the proof in which perturbation ex-
pansions are used. It is shown here that these expansions
can be avoided, so that the result in no way depends on
the assumed convergence of a perturbation series.

The demonstration involves the projection operators
introduced by Zwanzigs as an alternative to a dia-
grammadtic expansion. The relaxation of the correlations
to their equilibrium values once the equilibrium ve-
locity distribution is established turns out to be inti-
mately related to the evolution of the distribution
function under the slow switching on of the interaction.

One further application is made, a proof from a time-
dependent point of view of the theorem in equilibrium
theory that Mayer diagrams contributing to the re-
duced distributions have no articulation points.® It was
pointed out by Andrews’ that the theorem does in fact
come out of nonequilibrium theory asymptotically,
to all orders in the interaction, and the result has
been proved.! This theorem is also proved here
nonperturbatively.

The basic Liouville-operator formalism is given in
Sec. II. The integral equation connecting the density
distributions before and after switching is derived in
Sec. III. In Sec. IV the effect of slow switching on the
equilibrium distribution is determined. Section V dis-
cusses the Prigogine theory and states the theorems
which are proved nonperturbatively in Sec. VI. In
Sec. VII the theorem about the absence of articulation
points is stated and proved.

II. BASIC FORMALISM

The Liouville equation for a system of N particles
can be written?
()

i——=1Lp (t) )
at

(2.1)

where p(£)=p[{r(®)}, {p(?)}]is the distribution function
in phase space and L is the Liouville operator

N
L=—"l:§ BLHV,-H'Z V,H-B,EL(H) ) (2.2)

=1 1=l

31. Prigogine, Non-Equilibrium Statistical Mechanics (Inter-
science Publishers, Inc., New York, 1962), especially Chaps. 8,
11, and 12.

4 F. Henin, P. Résibois, and F. C. Andrews, J. Math. Phys. 2,
68 (1961).

5 R. Zwanzig, in Lectures in Theoretical Physics, Boulder, edited
by W. E. Brittin, B. W. Downs, and J. Downs (Interscience
Publishers, Inc., New York, 1960), Vol. 3.

8 G. Stell, in The Egquilibrium Theory of Classical Fluids,
edited by H. L. Frisch and J. L. Lebowitz (W. A. Benjamin, Inc.,
New York, 1964). Stell’s definition of an articulation point is
adopted here.

7F. C. Andrews, Physica 27, 1054 (1961).
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so that
LF=4{H,F} . (2.3)

Here H is the Hamiltonian of the system and 9; is the
gradient with respect to the momentum of the sth par-
ticle. The Poisson bracket of H and F is denoted by
{H,F}. L is Hermitian.

Consider H to be the sum of an unperturbed Hamil-
tonian Hyo and a perturbation H;. Then the Liouville
operator L can be decomposed in the same way:

We can introduce an interaction picture by defining
e(t)=e%p(2), (2.5)
Ll (t) = e““' ‘Lle—”‘“ . (26)

Substituting (2.5) and (2.6) into (2.1), we obtain the
Liouville equation in the interaction picture

o)

i ; =Li({t)e(). 2.7
Equation (2.7) can be solved to give
e()=U01"e), (2.8)
where U is the unitary time-ordered operator
t
U@t)= <exp—i / Ll(t”)dt"> . (2.9)
¢’ +

The average of a phase function f=f({r}, {p}) at time
¢ is given by

(f®O)= / dr fp () = / drfr(®)p, (2.10)

where dT' is an element of phase space. Here f= f(0)
and fz(f) is the operator corresponding to f at time ¢:

fr@=etie=f({x(®}, {p(®}) . (2.11)

The first form in (2.10) corresponds to a Schrodinger
picture and the second form to a Heisenberg picture.

In the interaction picture, f develops according to
the unperturbed motion, so that

f(8) =eilotfe—iLot, (2.12)
Then the average is also given by
(0= [arset). 2.13)

In obtaining (2.13) from (2.10) we use the fact that L
is a differential operator, so that

/ AT L= / drLgp=0

(2.14)
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for any function ¢ of interest. It also follows from (2.14)

that
/dPU(t,t’)¢=/dI‘¢.

From (2.7) and (2.8), or alternatively, directly from
(2.9), we obtain the differential equation for U (z,i) :

1(8/a)U 4, )=Li() U @,8') . (2.16)

The boundary condition, from (2.9), is U(,f)=1.
Equation (2.16) can be written in integral form:

(2.15)

¢

uity=1—: / at’'Ly¢"\u ") .

t

2.17)
We note also that

UWn=0"1@). (2.18)

III. THE INTEGRAL EQUATION

It is convenient here, as in calculations for the
quantum-mechanical many-body problem which this
approach parallels closely, to think of the interaction
being switched on slowly from zero to its full value. It
will be shown in a later section that this artificial pro-
cedure is equivalent to a more physical description of
the relaxation of the correlations to equilibrium in a
real system. Here it is introduced only as a computa-
tional convenience because it turns out easier to take
averages over the initial preswitching distribution. The
problem is to determine which initial state goes into
which final state.

The formal procedure has similarities both to bound-
state and to continuum situations in quantum me-
chanics.® Like the bound-state eigenvectors, the distri-
bution functions are normalizable and we can derive a
detailed parallel to the Gell-Mann and Low theorem.’
As in a scattering problem,® there is a continuum of
eigenvalues (of L), and in particular, turning the inter-
action on changes the distribution but not the eigen-
value of interest (Lo=0 goes to L=0).

To see how this goes, let the interaction H; be turned
on slowly. That is,

H=Hyt+H;exp(—elt]), (3.1)

with >0, where we will eventually take the limit e — 0.
We will denote this limit as 04. Then L;(?) in Sec. IT is
to be replaced by Li(f) exp—el|¢| in (2.7) and (2.9). To
show explicitly that we have not yet passed to the limit,
we will write the new unitary operator as U(Z,!") when
the distinction is necessary. The operator U (¢,t) is now

8 See, for instance, S. Schweber, An Introduction to Quanium
Field Theory (Row, Peterson, and Company, Evanston, 1961),
Chap. 11; or T. Y. Wu and T. Ohmura, Quantum Theory of
Scattering (Prentice-Hall, Inc., Englewood Cliffs, New Jersey,
1962), Sec. 4.

9 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).
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defined by

Uit)=1lim Utt). 3.2)

>0+
Inserting (2.17) into (2.8), we have for ¢/=— =
t
o= o(=)=i[ L)
XUl(tli —'00)50(— w)dt,) (3°3)

where ¢.(¢) is the distribution that develops from
o(— ) with € finite. Both U and U, have the usual

group property
Ut)=U( U Y) . (3.4)

Using (3.4) and (2.6) in (3.3) and passing to the limit,
we have

t
o(f) = p(—©)—i lim / dt' eV gilot [ g=iLo¥
>0+ o

XU 00U, —»)p(—=»). (3.5)
But as can be shown quite easily,
Lot (1,0) =L, (3.6)
Also, from (2.8),
U@, —»)p(—o)=00)=0. 3.7
Then (3.5) becomes
0
p=gp(—o)—i e11’1(1}1{_/ dtetTo—int]~ilty  (3.8)

This is our basic integral equation. We are only con-
cerned with solutions of (3.8) which are also solutions of
(3.5), i.e., which vanish when ¢(—»)=0. For any
o(— ) such a solution, if it exists, is unique.

IV. RESULT OF SLOW SWITCHING

There are two questions to be answered. First, given
a stationary distribution ¢, what is the unperturbed
distribution from which it develops as the interaction is
turned on slowly? And second, the converse. Given a
stationary unperturbed distribution, what is the final
distribution when the interaction is turned on up to its
full strength?

A. Stationary Final Distribution

Let ¢ be a function of the total Hamiltonian, i.e.,
o= ¢(H). Then

Le=0, @.1)
and from (2.7), ¢ is stationary. Thus,
Lle_iL‘(p= (L-— Lo)<p= '—Lo(p N (4.2)
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so that the integral equation (3.8) becomes
0
o= ¢(— o )+1: el_if(g_ /;w dtei(bo—ie)tLo‘P

=¢(— )+ lim (Lo—ie)"Log (4.3)

=¢(_°°)+(1—P0)¢,

where Py is the projection operator onto the subspace
spanned by the zero-eigenvalue eigenfunctions of L. It
follows that

¢(—»)=Pop (4.4)

is the unperturbed distribution that goes into ¢ under
the perturbation.

We are not able to evaluate Pop in general. However,
when ¢ is the canonical distribution function and H, is
the kinetic energy and H; depends on position only, it
is possible to evaluate Pop. The projection operator Py
has been evaluated for this case elsewhere.! It is done
somewhat more explicitly in Appendix A. The result is
that Py consists of a spatial averaging operator plus an
operator which projects on to a set of measure zero in
phase space. The second part describes singular in-
variant distributions. We are concerned with nonsingu-
lar distributions ¢, however, so the contribution of the
singular components must be taken vanishingly small
and does not contribute to any integrals or averages
over ¢. To put it in another way, the probability of a
particle in the distribution being in any of these singular
regions of phase space is vanishingly small.

The second part of Py will therefore be ignored in
everything that follows and P, will be taken to be a
spatial averaging operator. The results to follow will
thus be strictly true only for reduced distributions. We
will speak loosely, however, and regard the results as
being true for the distribution functions themselves.

Take ¢ to be the equilibrium distribution:

exp[—B(Ho+H1)]

= ) (4.5)
Jaw er—s et
where H, is the total kinetic energy
N
Hy=> T, (4.6)
=1
T'; being the kinetic energy of particle ¢, and
Then, if @ is the volume of the system,
exp(—BHo)
P0¢=Q-N/{dr} exp—BH; s

dr exp[—B(Ho+H,1)]
4.8)
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so that
exp(—BHo)

o(— )= o= 4.9)

/dI‘ exp(—BH)

Thus, the distribution before the interaction is turned
on is canonical at the same temperature as the final
distribution.

This result is the one we need to compute thermal
averages in terms of the free-particle motion only. It
permits one to write!

(1) -+ fa(ta))s)

=((fr{t) - fata) U(, =) )o (4.10)

E/dr(f1(l1)‘ . 'fn(tn)U)w: '_oo)’)+¢0;

where, in the last two members, the f;(;) are given by
(2.12).

B. Stationary Initial Distribution

Let ¢(— =) be a function of Hy only. Then

Lyp(—»)=0. (4.11)
It is shown in Appendix B that!®
[LO’U(t, —Oo):]_l"Ll(t)U(t; '_°°)=0- (412)
Then
Lo=U(0, — ®)Lop(—©)=0, (4.13)

so that the necessary condition (4.4) holds and ¢ is
stationary. Since U(0, —©)p(—«) defines a unique
distribution, it follows under the conditions (4.6) and
(4.7) that if ¢ satisfies (4.9), then ¢ satisfies (4.5) and
is canonical at the same temperature. This result has
previously been shown by perturbation theory.!

It should be noted that (4.13) is merely a statement of
the adiabatic theorem of Gell-Mann and Low?® for the
case in which (2.15) is satisfied. However, the key
result (4.12) has here been proved without recourse to
perturbation theory.

V. APPROACH TO EQUILIBRIUM

Prigogine, Henin, Résibois, and Andrews demon-
strated®* that under certain assumptions a classical
system actually is driven to equilibrium. Under these
assumptions the velocity distribution becomes asymp-
totically a function of the kinetic energy H,. If molecu-
lar chaos is assumed, the function is restricted to be
Maxwellian. Once the equilibrium velocity distribution
is established, the correlations become asymptotically
equal to those obtained from equilibrium statistical

10 An alternative nonperturbative proof for £=0 for the quan-
tum-mechanical case is given by Schweber, Ref. 8, p. 326.
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mechanics. The demonstration of this set of results in-
volved perturbation theory at two stages:

(1) To prove a theorem that the sum of all diagonal
fragments involving » particles gives zero when applied
to a function of the unperturbed Hamiltonian.

(2) To demonstrate that once the velocity distribu-
tion function reaches its equilibrium value the asymp-
totic correlations are those given by equilibrium theory.

We will describe the approach just outlined in some-
what more detail, showing where these two theorems
fit in, and will prove them here without recourse to per-
turbation expansions.

The original calculations did not use the unphysical
but convenient idea of switching on the interaction, but
rather a resolvent method® which involves a causality
condition which makes the integrals converge properly.
We will reformulate the Liouville equation in terms of
the resolvent in order to make contact with the work of
Prigogine et al.

The interaction Hamiltonian is now assumed to be
H for all times. The kinetic energy is Ho. The problem
is treated as an initial value problem with the distribu-
tion p(¢) for positive times being generated from an
initial distribution p(0) and taken to vanish for ¢<0.
The convenient approach is then through the Laplace
transform. The typical transform relation is

o(2) =/ e#tp (dt. (5.1)

Here z=is, where s is the usual Laplace transform
variable. The transform converges, if p(¢) is bounded,
when Imz>0, in which case p(z) is analytic. The
inverse of (5.1) is

1 o2y
p()=— ] dzeiv(3) 5.2)

T J —otiy

where v is real and all singularities are below the contour
of integration. The transform of the solution of (2.1) is
found in terms of the resolvent operator (L—z)™*:

p(z)=—i(L—2)"po,

where po=p({=0).

In order to write equations which do not involve
perturbation expansions directly, it is convenient to
introduce the decomposition of the Liouville equation
given by Zwanzig.5

Let P be an operator which projects onto some sub-
space of the phase space. The Liouville equation (2.1)
can be replaced by the two equations

Ip1(?)
i

(5.3)

=PLp()+PLp>(1) , (5.4)

dp2
; p t(l)= (1—P)Lps(t)+ (1—P)Lps (2) ,

(5.5)
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where p;=Pp and ps= (1— P)p. Equation (5.5) is solved

for p; in terms of p; and the solution is inserted into
(5.4). The resulting equations are

t
p2(t)= —i/ dY e—ia—P)L¢
0

X (1=P)Lpy (1— ')+ 0= Lipy(0) ,  (5.6)
d ¢
0= PLso—i [ wpLse-pre
ot o
X (1—P)Lpy (t—t')+PLe# =P Ltp, (0) . (5.7)

In the applications to be made, P is a spatial averaging
operator. As discussed previously, P and Py may be
used interchangeably as long as we are dealing with non-
singular distributions.

The Zwanzig relations (5.6) and (5.7) become re-
spectively in transform space

p2(2)=—[(1—P)L—2z]"(1—P)Lp:(2)
—i[(1=P)L—31"ps,

zp1(2)=PLp1(z) — PLL(1—P)L—z]7(1—P)Lp:(2)
—|—ip10—iPL[(1—P)L—z]_lpzo. (59)

Here p1o and pqo are the initial values of pi(f) and p(Z),
respectively.

The term PLp; in (5.9) contains the operator PLP,
which vanishes because L is a sum of spatial gradients.

Because L is Hermitian, the operators [L—z] and
[(1—P)L—z]" are analytic in z off the real axis. Then
p(2) is analytic for Imzs%0. It defines an analytic func-
tion p*(z) in the upper half-plane and another one p—(2)
in the lower half-plane and is discontinuous across the
real axis. Consider p*(z) to be continued analytically
into the lower half-plane. Since the inversion integral
(5.2) is carried out over a contour for which Imz>0,
o(z) in (5.2) may be replaced by p*(z). Then the con-
tour may be closed in the lower half-plane. The integral
is evaluated in terms of the singularities of pt(z) for
Imz<0. This may be done for p; and p, separately.!!

Every term in (5.8) and (5.9) is analytic for Imz>0
and can be continued analytically into lower half-plane.
Henin et al!? make certain assumptions which imply
that if we define

p'(2)=—i[(1—P)L—2]"ps0,

then all the singularities of ps'*(z) are a finite distance
below the real axis. The same is assumed for the
operator

(5.8)

(5.10)

v(&)=PL[(1—P)L—z]'(1—P)LP. (5.11)

1 For any function f(z) analytic off the real axis, we define
ft(2) as the analytic continuation from the upper half-plane.

2 The assumptions of Henin ef al. are (see Prigogine, Ref. 3,
Chap. 11, for definitions) that F*(z), y*(z), and C,,*(2) have
their only singularities for Imz<—Y <0. Assuming (5.10) ab
initio seems just as plausible and leads to a simpler calculation.
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For very large times, i.e., as {—, the only singu-
larities that can contribute to (5.2) are those on the
real axis. Since Y+ (2) and p,+(2) are analytic on the
real axis, it is evident from (5.8) that the only relevant
singularity of pi*(z) and therefore of pst(z) is at the
origin.

It has been shown?® that these considerations imply
that for large times the non-Markoffian equation (5.4)
reduces to the Markoffian equation.

(9/00)p1(1) =iQy+(0)p1(1)

where Q is an operator involving ¥ and its derivatives
at the origin. In addition, if f(Ho) is an arbitrary well-
behaved function of Ho and

W0} af(Ho)= lim {PL[(1—P)L—ic]™

(5.12)

(1—P)LP}.f(H)=0, (5.13)

then p; is asymptotically a function of H, only. The
symbol { }. denotes the n-particle part of the expres-
sion inside. Under the additional assumption of molecu-
lar chaos, p1(f) becomes Maxwellian for long times.

While the rest of the argument about the asymptotic
behavior of pi1(f) did not involve expansions in the
interaction strength, Eq. (5.13) was proved by a per-
turbation procedure.? We shall give a new nonpertur-
bative proof in the next section.

The second part of the procedure is the demonstration
that once p; is Maxwellian, the perturbation expansion
of the reduced distribution functions found from p.(f)
become asymptotically the same as those found from
¢— ¢o in Sec. IV. We will show in the next section that
the functions themselves are asymptotically identical,
not just the perturbation expansions. The theorem will
be stated in the form

1}_{3 p2() = o— oo. (5.14)
The equality is in the sense used in Sec. IV. It holds for
the reduced distributions, not for the over-all distribu-
tion functions themselves.

VI. PROOF
To prove (5.13), it is sufficient to show that

¥*(0)f(Ho)=0.

That is because the kinetic energy H, is an additive
function of the kinetic energies of the individual par-
ticles, so f(Ho)={g(Ho)}., with the momenta of the
other particles regarded as fixed parameters. The ex-
pression {¢+(0)g(Ho)}» can thus be thought of as re-
ferring to an n-particle system with all the # particles
entering into the expression in brackets.

(6.1)

It is convenient to define an operator V(z) and a
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function ¢(z) by
V(z)=P(L—2)LP,
e(z)=—2(L—2)" o1,

where ¢; is a function of H,.
In the following, repeated use is made of the identity
A1—B'=A"1(B—A)B'=B1(B—A4)4~.
Decomposing L into a free-particle part Lo and an
interaction part Ly, and recognizing that Lop;=0, one
finds that

(6.2)
(6.3)

0(2)=p1— (Lo—2)"L1¢(2) . (6.4)
From (6.3) and (6.4),
(L—2)7'Lor= (Lo—2)"'L1¢(2) . (6.5)
It is also easy to show that
Y(@)=2V()+y(@)V () . (6.6)
Using (6.2), (6.5), and (6.6), one has
V(@) e1=[z+¢(2) 1V () 1
=[z+¢(2) ]P(Lo—2)"'L1p(2) . (6.7)

Now take z=ie and let e— 0+. From (6.3), ¢i(e)
approaches a limit ¢+(0) as e — 0+, and

Le+(0)=0. (6.8)

In the limit, Eq. (6.4) becomes identical to (3.8)
with ¢1= ¢(— =) and we can make the identification

¢ (0)=o. (6.9)
Then

v+ (O) Q1= P llI(E_ (Lo— ie)_lngo

=—P(1—P)p=0. (6.10)
Substituting (6.10) into (6.7) in the limit gives the de-
sired result (6.1), and therefore (5.13).

This proof is a restatement of a well-known result
concerning the diagrammatic representation of the per-
turbation expansion. It says that unlinked parts do not
contribute, i.e., that diagrams with unlinked parts
vanish. The operator corresponding to an unlinked part
is just ¢+(0).

The second result we wish to prove nonperturbatively
is that once the equilibrium velocity distribution is
established the correlations relax to their equilibrium
values. For that purpose we now restrict ¢; to be the
equilibrium velocity distribution .. If we replace p1(f)
by ¢q, or in terms of the transform, put

p1(z)=1z"1¢0 (6.11)
in (5.8), then it will be shown that
lim p2(2) = o= ¢0. (6.12)

The distribution ¢ calculated from (6.4) and (6.9) is
now the equilibrium distribution. By virtue of (6.11),
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Eq. (5.8) becomes
p2()=—[(1—P)L—z]"(1—P)Liz" ootps/(2) , (6.13)

where p,’(2) is given by (5.10).
The same argument that gives (6.6) gives

[A=P)L—z]"(1—P)Leo
=(L—2)'"Loet+[(1—P)L—3]3V(2) po. (6.14)

Substituting (6.14) into (6.13) and using (6.4) and
(6.5), we have

2p2(2) =4[ ¢(2) — o] —i[(1—P)L—z]
X3V (3) pot2ps' () . (6.15)

Now in the limit z=17e¢, e— 0+, the last term in
(6.15) vanishes, according to the discussion following
(5.11). The preceding term also vanishes, by (6.10).
The inverse transform (5.2) therefore gives (6.12).

This result indicates the practical equivalence of the
slow switching procedure with the adoption of a
causality condition.

VII. ARTICULATION POINTS

Consider a term in an equilibrium cluster expansion
in the density in which two clusters have one and only
one particle in common. Suppose that the coordinates
of the particles in at least one of these clusters, except
possibly for the linking particle, do not appear in the
fina] result of interest. Then such a term does not con-
tribute to the result. In the corresponding Mayer
diagram, the point representing the linking particle is
known as an articulation point. Andrews? pointed out
that the same result comes out of nonequilibrium
theory. It is formulated in his case as the vanishing of
certain terms in the expansion in the interaction. The
result has been proved in terms of a switching on pro-
cedure using perturbation theory.!

The result in all cases depends on the assumption,
which we shall make and which is not terribly restric-
tive, that the interaction between a pair of particles is
invariant under interchange of their coordinates.

Let cluster 4 be the cluster whose coordinates do not
appear in the final result, minus the linking particle.
Let P¢ be the operator which averages over the posi-
tions of the particles in cluster 4. Let L« be the part
of L which does not refer to any of the particles in
cluster 4.

The correlations between the particles are given by

(7.1)

¢~ ¢o=—lim (L—ie)'Lev,

according to (6.4), (6.5), and (6.9), where ¢ is the
Maxwellian and ¢ the distribution function-in equi-
librium. The theorem can then be stated as

61_1)1(11{_ Pc(L"—ie)_lL(po= el_l’ﬁ (L;ﬁ_' ’ie)_lL;qOo. (72)

That is, the asymptotic correlations between the re-
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maining particles in no way involve the particles in
cluster 4.

To prove the theorem, note that

Po(L—2)""Loo= (Lx—2)""Pc[1—L(L—2)""]Leo
= (Lx—2) Lot (Le—2)~"
XPcL[1—(L—2)"L]po, (7.3)

where

L=L—L.. (7.4)

In the limit, the last term of (7.3) becomes, by virtue
of (7.1),

lim (Z—ie) " Poe[1~ (L—ie) L]0
= lim (Le—igPoge. (1.5)

Now consider an inversion of the coordinates of the
particles of cluster 4 in the position of the other par-
ticle with which they interact. By hypothesis the inter-
actions are invariant under this transformation. Since
£ is a homogeneous linear function of the gradients with
respect to the positions of the particles of cluster 4, it
changes sign under the inversion. On the other hand
L is invariant, as is the projection operator P¢. The
distribution ¢ is canonical and therefore depends on the
coordinates only through the interactions, so it is also
invariant under the inversion. Thus, by symmetry,

PeLe=0. (7.6)

Taking the limit of (7.3) and using (7.5) and (7.6)
gives the desired result (7.2).

The proof evidently holds also when the two groups
of particles do not interact with each other at all, i.e.,
when the clusters are unlinked. When cluster 4 con-
sists of all the particles in the system, Lx=0and P¢=P,
so (7.2) becomes equivalent to (6.10).

VIII. DISCUSSION

It was shown how perturbation theory may be
avoided in the proof of certain results pertaining to de-
velopment of the classical distribution function in
time. That means that these results hold for singular
as well as nonsingular interactions and one can com-
pletely avoid awkward convergence questions.

In Sec. IV it was shown that under the slow switching
the unique distribution which develops in time into the
equilibrium distribution ¢ is the Maxwellian ¢o at the
same temperature. At first sight a unique initial dis-
tribution seems incompatible with the relaxation of an
arbitrary initial distribution into the equilibrium dis-
tribution. The resolution of the paradox lies in the fact
that (3.7) is exact and describes the mechanical motion
only, with no statistical averaging involved. The
averaging must then appear in the initial condition. An
initial distribution which develops into the equilibrium
distribution according to (3.7) perforce obeys the
molecular chaos condition and cannot be arbitrary. It



145

is, in fact, equal to the equilibrium velocity distribution.
The relation between the two is the burden of much of
Sec. VI. The slow switching procedure reproduces
mathematically the actual relaxation of an initial
Maxwellian to the equilibrium distribution function.

It is tempting to give the results of Sec. IV a thermo-
dynamic interpretation. One would say that the initial
canonical (Maxwellian) distribution in the absence of
the interaction remains canonical as the interaction is
switched on slowly and that an isothermal equilibrium
process is occurring. If this interpretation is correct,
the same result must occur for the density matrix in a
quantum system.

When neither Ho nor H has bound states, it follows
from the quantum analog of (4.12) that the unper-
turbed density matrix po=exp(—pBH)/Tr exp(—BHo)
goes into the density matrix p=exp(—BH)/Tr
Xexp(—BH) when the perturbation is turned on
adiabatically. In particular, the Maxwellian density
matrix goes into the canonical density matrix for the
interacting system. When there are bound states, the
theorem does not hold exactly, but only in a correspond-
ence limit.

Since the adiabatic limiting process causes certain
complications which are not present classically, and
since exp(—BH) appears in quantum-mechanical
averages along with the time-development operator
expiHt, it is convenient to treat 8 as an imaginary time
in quantum-mechanical calculations. It is remarkable
that in the classical case, where the time development
operator is expiLiso that 3 cannot be treated as an im-
aginary time, it is possible to regard the distribution
function as developing in real time from an unperturbed
distribution. As a result the switching procedure is
useful classically.

There has been no attempt here to weaken any of the
assumptions entering into the theory of Prigogine,
Henin, Résibois, and Andrews other than the assump-
tion that the perturbation series converges. However,
the present nonperturbative proof of those of their
results that originally involved expansions in the inter-
action puts on solid ground what were perhaps the
weakest links in their chain of argument.
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APPENDIX A: PROJECTION OPERATOR P,

For a system of IV identical free particles of mass m,
the Hamiltonian is

N
Hoy=Y p&/2m.

t=1

(A1)
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The corresponding free-particle Liouville operator is

N
Lo= —im™! Z pi-Vi.

=1

(A2)
It is easy to see that the functions

N
V() (0} (), (=)= VR IL e*ro(pimm),  (A3)

where Q is the volume, form a complete orthonormal set
of eigenfunctions of L, with eigenvalues

A({K}, {=))=m~1 é . (A
Then f({r}, {p}) has the expansion
ACHTIE / (=)L), (=)
)Xo (e}, (0); (1, (=) . (AS)

The eigenvalue N({k}, {=}) vanishes (a) for all {=},
when {k}=0; and (b), when {k}>£0, on the 3N—1)-
dimensional hyperplane in = space given by >_; =;-k;=0.

The projection on the hyperplane can be described by
a projection operator

A(kp)=1 when 3 ;k;-p;=0 (46)
=0 when 3;k; p:>£0.
Then

Pof({x), {p))= & Alkp)ae
{ k)0

><fj s (1), (2))

+ f (=70, (=), ()50, (=) . (A7)

It is assumed that we are dealing with distributions
which are nonsingular functions of the velocities and
that the wave number transforms of all the quantities
of interest exist. ThenQ~¥2([];— expsk;-r;)f({k}, {p})
is finite. On the other hand, 3 (x}o A(k,p) projects on
to a set of measure zero in phase space. Thus, the first
term on the right in (A7) cannot contribute to any
integrals. It is ignored here, with the proviso that the
results obtained really hold only for the reduced
distributions.

Physically, this term describes an invariant distribu-
tion in which the motion of the system is in a sense
perpendicular to the spatial inhomogeneities. But for a
continuous distribution the probability of the particles
being so distributed is vanishingly small.

The last term on the right is just the spatial average

of ({5}, (n}), 5o
PafCiah, (D=0 [ @5, o)) (49)
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In the limit as the volume becomes infinite,
2 tx)=o A(k,p) is replaced by /S {dk}A(k,p). The trans-
form f({k}, {p}) is assumed to exist in the limit
{k} — 0. Then the integrand is finite everywhere and
vanishes except on a set of measure zero, so the integral
vanishes.

APPENDIX B: PROOF THAT
Li)U(t, —»)+[Lo, U(t, —)]=0

We give here a nonperturbative proof of the analog
of the adiabatic theorem of Gell-Mann and Low.
The differential equation for U.(f, — ») is

i)
i—Ue(t, —o)=eLi()Uc(t, — =)
ai

for i<r<w. (B1)
Taking the commutator with Lo, we have
<]
ia[l‘oy U. (ty —x )] = e“[Lo, Ly (t)]Ut (t) - 00)
+8E‘L1(t)|:L07 Ul(ti —® ):] . (BZ)
But
6“[Lo,L1(t)]U¢(t, - oo)
d
=— ieetl:—Ll (t)] U (t, — )
at
d
=—i—eLi()U.(t, — )]
at
d
Fie L (—U.(t, = )
at
+ieetLi(H)Uc(t, — ). (B3)
Define
fé(t) = [LU,Ut(t: - oo):H—e“Ll (t) U. (ta - °°) . (B4)

Then f(— »)=0. By (B1), f.(f) can also be written

d
fe@=[Lo,Uc(t, — °°)]+i5Ue(t, —»). (BS)
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Substituting (B3) into (B2) and using (B4) and (B5),
we get

<]
i;fe (O)=eLy(t) fe(t)+ieetLi(U(t, — ), (B6)
with the solution
f@)= e[ e Ue(t)Li()Ue(t, — o)

, (B7)
=e/ dt'e (Li(t U@, — ).
Equation (B7) can be written somewhat differently. We

introduce an interaction-strength parameter \; so
instead of L, we write AL;. Since then

U@, — 00)=<exp——i)\/j Ll(t’)e“’dt’> , (B8)

X
ad . ¢ o ,

U =)= / A LT =), ()
so that (B7) becomes

[LoUul, — ) e L1 UL, — )

3
=iex—U.(4, —). (B10
ZUel ). (B10)

This is precisely the form of Gell-Mann and Low’s
results. In our case, however, (9/IN)U(f, —) is
finite and well determined for all e. Passing to the limit
e —> 0, we obtain the desired result

[Lo,U(t, =)+ Li()U(t, —)=0. (B11)
This proof avoids the assumption that
9
a_'U(ty —00)=’I:[L0,U(t, —oo)] ’ (B12)
/4

whose direct proof in turn involves perturbation theory.



