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Paramagnetic-Resonance Determination of a Nuclear Quadrupole Interaction
by Means of Forbidden Hyyerfine Transitions CaWO, :Mn'+
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The 2I forbidden hyperfine doublets LM(-, c~—se), Am =&1(in the EPR spectrum of Mn'+ impurity ions
in CaW04 have been observed. The doublet separations at 8=0' are in excellent agreement with a perturba-
tion-theoretic calculation which includes fourth order terms. The angular variation of the separations agrees
very well with the angular variation calculated by computer diagonalization of the spin Hamiltonian. The
doublet separations for general s have been computed to order (hr) ' using perturbation theory and qualita-
tive agreement with the exact angular variation has been obtained. The value obtained for the nuclear
quadrupole coupling constant is Q' = —(030+0.03)X10 4 cm s.

I. INTRODUCTION

'HE electron paramagnetic-resonance spectra of
5-state ions usually consist of (25)(2I+1) so-

called allowed (AM = &1, 6m=0) lines when either the
crystal fieM is negligible or the external field is parallel
to a symmetry axis. ' Otherwise many forbidden
(Eris= &1, &2 .) lines may also be observable. ' "

The fields for resonance for the forbidden transitions

) m~) = )
m —1, ~—1) and.

~
m, m —1)=

~

m —1, ~)
differ by first-order nuclear Zeeman and nuclear quadru-
pole eGects, and by higher order eGects of the crystal
field and hyperfine interactions. As a result, the above
pair of transitions gives rise to a so-called forbidden
hyperfine doublet labeled (Mm) for each I&~m) I. —
We are concerned in this paper with the five (-'„rrs)

doublets in the EPR spectrum of Mn'+ impurity ions.
We have observed such doublets in the spectrum of

Mn'+ ions in CaWOe. The doublet separations b,II(res)
as functions of the angle 0 between the external field B
and. the t," axis of the crystal have been measured. Prom
these data and. the position of the allowed transitions,
we have determined the quadrupole coupling constant
and other spin-Hamiltonian constants. Excellent fit to
the data was obtained by computer diagonalization
of the 36&&36 spin Hamiltonian. The value Q'= —0.30
~0.03(10 4 cm ') was obtained.
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II. EXPERIMENTAL PROCEDURE

The EPR experiments were performed at liquid—
nitrogen temperatures (80'K) and at X-band frequen-
cies using a spectrometer described previously. " Al-
though x-ray orientation was employed, the final means
of orientation after the sample was placed in the
microwave cavity was to observe the forbidden hyper-
fine spectrum for which the intensity vanishes at 0=0'
and 90'.

Ca%04 crystals intentionally doped with Mn were
not the best samples to use for these experiments be-
cause of excessive linewidths and the presence of over-
lapping fine structure groups. It was found that the Mn
spectrum observed in I e'+-doped crystals was ideally
suited for the following reasons:

(a) The low Mns+ concentration yielded linewidths
less than 0.5 6 for the central -', ——,'fine structure
transition.
(b) The (~-'; ~se) and (+ss &—', ) transitions were
strain broadened such that they either were not ob-
servable or could be easily distinguished from the
resonances of interest.
(c) The Fe'+-induced crystal strain does not alter the
spin-Hamiltonian parameters of Mn'+.

(d) The isoelectronic Fe'+ ion is not observed in the
same spectral region as Mn because it has a g' value
of 4.3."

Forbidden and allowed hyperfine transitions within
the (i ——,') fine structure group which can be ob-
served. under the proper conditions are shown in I'ig.
1(a).Derivative EPR spectra observed at several angles
for Mn'+ impurity ions in CaWO& are shown in Fig. 1(b).
Both Am = %1 and 2 m = &2 forbidden hyperfine transi-
tions are present at large angles between the applied
field and. the c axis. The broadened (&-', &—', ) reso-
nances are barely visible in the top spectrum (8= 90')
and, do not complicate the spectrum at other angles.

"R. W. Kedzie, D. H. Lyons, and M. Kestigian, Phys. Rev.
138, A918 (1965).
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III. DISCUSSION H YPERFINE TRANSITIONS WITHIN THE
I/2~ —I/2 FINE STRUGTURE GROUP

When the electronic states are mixed by competing
Zeeman and crystal-Geld energies, the direction of the
effective Geld acting on the nuclear moment depends on
the electronic state. This direction may diverge con-
siderably from the direction of the external Geld for even
relatively small crystal Gelds, especially for nominally
M= —,

' electronic states. As a result, forbidden dre&0
transitions can acquire large intensities. Bleaney and
Rubins' have explained, in this way, the apparently ab-
normal intensity of Mn'+ forbidden hyperfine transitions
observed in ZnSiFp 6HsO and (NH4)sZn(SO4)s 6HsO.
These authors used "conventional" perturbation theory
starting with zero-order wave functions

I
1VIn) quantized

along the external field direction. In their theory, cross-
product terms in the crystal-Geld and hyperhne inter-
actions give rise to large intensities for the forbidden
transitions, when H is neither along nor orthogonal to
the c axis.

Conventional perturbation theory for the forbidden
intensities is known to be quantitatively unsatisfactory
except for quite small angles 8 between H and the
symmetry axis. An improved treatment of this problem
has been given by Sir.'7 In this theory, which gives
excellent agreement with experiment, the zero-order
states are again product states; but the electronic part
is nearly an exact eigenfunction of the Zeeman term
plus the crystal Geld, and, together with the hyperfine
interaction tensor, it defines the axis of quantization for
the nuclear states. The doublet separation to sufhcient
accuracy for large 8 has not yet been computed using
this technique, however.

The spin Hamiltonian appropriate to a Mn'+ ion in a
crystal Geld with axial symmetry is"
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The forbidden hyperhne-doublet separation,

AH=H„, (I-'„m) &~I ——',, m —1))
—H...(I-'„m—1) I

——,',m)), (2)

where H„, is the Geld for resonance of the indicated
transition, can be computed using conventional per-
turbation theory. If we neglect b4' and b4' for the
moment, the result to second order in 1/Hp (found by

G. L. Itir, Fiz. Tverd. Tela 5, 2236 (1963) LEnglish transl. :
Soviet Phys. —Solid State 5, 1625 (1964)g.

'8 C. F. Hempstead and K. D. Bowers, Phys. Rev. 118, 131
(~96'.

Ami-+P
(b)

Fto. 1(a). Schematic representation of the number and relative
positions of allowed and forbidden hyper6ne transitions in the
ill (-,' ~~—$) I'me-structure group for an ion having a nuclear spin
I=-', . (b). Derivative EPR spectra of Mn'+ impurity ions in
CaW04 obtained at 80'K and X-band frequencies are shown for
several angles (&) between the applied field and the crystalline C
axis. The positions of the 8m=~1 and 6m=&2 forbidden
hyper6ne transitions are indicated by the arrows at 8=75' and
0=45', respectively.

third-order perturbation theory) is

1/Bp' 4D(A —B) sin'28
M'= +

Hp Hp

fVA'I 252'
+I II 2Hp —A(2m —1)j— (2m —1)

Egp j 2Hp'

4A'D
Q' — (3 cos'e —1)(2m —1), (3)

Hp2—
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where

Bs ,' (——B—+Bcos'8+A sin'8) . (3a)
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Here Hs hv/g——P, and the parameters are in units of
gauss. Some very small terms in P~ and Q' have been
neglected. Ke have made the approximation g~1= g~= g,
and, for the second-order (in 1/He) corrections, as-
sumed A =B.

According to Eq. (3), the doublet separation varies as
(3 cos'8 —1) for A~B and is independent of angle for
the central (m=-,') doublet. Both of these predictions
are at variance with the experimental results and the
exact theory, as can be seen from Fig. 2.

In order to obtain agreement to within 0.1 G with the
exact results obtained by computer diagonalization of
Eq. (1) for 8=0', it is necessary to include the second-
order contribution from b4' and also third-order terms in
1/Hs. The modified hH at 8=0' is then

t yp~)
+I IL2Hp —A(2m —1)$—2(2m —1)Q'

2Hp kgP j

27 — 0 % 0)68

(2m —1)A'-25A

Hp'
8D+2—0b4s

CII
Co

CQ

25
re
I

X
24

K
O
I- 23
rL

40 22

A'

Hp'

2107 131
+ (m —m')

16 4

27—16D'—16DA —+m —m'

The third-order correction is about ~~ G and is neces-
sary for agreement to within the experimental error.

We have also computed the corrections to Eq. (3) for
general 8, to order 1/Hs'. In this calculation, which is
outlined in the Appendix, it was necessary to include
terms of fifth and sixth order from the perturbation
series, as the energy denominators for some nth order
terms are of order Hs"i'A &""& ' (for even e). The results
of this calculation are shown in Fig. 3. We see nearly
perfect agreement with the exact calculation for angles
near 0' and 90', but discrepancies of the order of 2 G
around 45' remain. The next order would not improve
the agreement for the central m=-', doublet, as this
splitting depends only on odd powers of Hp. However,
the discrepancy between the perturbation-theory result
and the exact calculation is very frequency sensitive, so
that a mere 15% increase in the operating frequency
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FIG. 2. (a) Angular dependence of the high-field forbidden
(bra=&I) byperfine doublet separation aEj( ', ) The open circle—s.
are the data points. The continuous curves are obtained from the
exact calculations using the three different values of Q' shown on
the 6gure. (b) Same as in (a) except that the open circles are data
points obtained from the angular dependence of the low-6eld
forbidden hyper6ne doublet separation AII (—$). The best Gt to
the data in (a) and (b) is obtained from the exact calculation by
choosing Q'= —0.325 G. (c) Angular dependence of the center
doublet separation AII (&).The solid curve obtained from the exact
calculation is independent of Q'.
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would reduce the maximum discrepancy by a factor of
2.

IV. RESULTS

For X-band frequencies, the spin-Hamiltonian pa-
rameter cannot be calculated to sufhcient accuracy by
second-order perturbation theory. The parameters were
obtained instead by computer diagonalization of the
36X36 spin Hamiltonian. A least-squares analysis of the
fit to 18 allowed transitions yielded the parameters
and errors given in Table I. Agreement with the work
of Bowers and Hempstead is extremely good.

The greatest differences between second-order theory
and exact theory parameters occur for A and B.Second-
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FIG. 3. Comparison between the high field dH(-', ), low field
nH( sp), and center ~H—($) angular-dependent doublet separations
(solid curves) and those obtained from the perturbation-theory
calculation outlined in the Appendix (dashed curves).

order theory predicts A) B, but the 1% decrease in A
and the 1% increase in 8 obtained from the exact
calculation reverses the inequality because of the near
isotropy (A =8). An error of 1% in 8 would lead to an
error of —,

' G in the irst term of (4) and would preclude
a 6t to both d H(ss) and hH( —ss) to within experimental
error.

The quadrupole constant Q' was determined from the
forbidden hyperfine doublet separations. Using the
other spin Hamiltonian parameters already determined
from the allowed transitions, the value of Q' was ad-
justed to give best fit to the angularly dependent outer
(m=ss, —ss) doublet seParations. This is shown in
Figs. 2 (a) and 2 (b) ~ The best value, Q'= —0.325 G, can
also be obtained, to within 0.01 G, from the pertur-

TABLE I. Spin-Hamiltonian parameters for Mn'+ in CaWO4.

git
gL
D
b4' =g+-,'F
b4'=So/2
A
8

2.00006~0.00005
2.00079&0.00006

(—137.6~0.05) X10 4 cm '
(—1.43~0.07)X10 4 cm '

(—)(10.43+0.06)X10~cm '
(—88.93~0.06)X10 4 cm i
(—89.60~0.06) X10~ cm '

TABLE II. Contributions to nH(-', )—nH( ——',).

Crystal

CaWO4
ZnOb
ZnO~

(vA)

&r~)
0.28
0.0b
0.24

16QI

5.20
2 720—2.61

2nd-
order

terms~

0.32—4.70b
—5.04

~H(p) —nH( —s)
Exact

Eq. (7) or expt.

80 5.70e—7.42 —7.4'
—7.41 —7.4'

See Eq. (5). Terms proportional to 1/Hog.
& Follows computation of Ref. 8, in which correction to Zeeman energy

{1st term) and contribution to 2nd-order term from b4o is omitted. The
contributions nearly cancel.

O Using 0'=0.17 G of Ref. 8.
d Using Q' =0.163, with terms omitted under (b) included.
e Exact value using quoted parameters and computer calculation.
f Experimental value from Ref. 8.

bation-theory formula (4). Using both outer doublet
separations, it is not necessary to consider the odd terms
in H p (such as the fourth-order term) in Eq. (4), since
they are the same for m and 1—m. Thus,

~H(s) —~H(—5)
S(vA—/gP) A 16Q'—

—(sA /Hp )L25A/2 —sD+20b4 j. (5)

The terms even in II0 change sign so that

AH (-,')+AH( ',)—-
= 178s/H p+4H p(y@r/gP)

—(A'/Hp' )(17A'—32D' —96DA}. (6)

We suggest that the most convenient way to determine
Q' accurately from the doublet separations is to use
Eq. (5).This determination will be relatively insensitive
to the exact values of the crystal-field and hyperfine
interactions. Using the exact doublet separation ma-
chine-computed from Eqs. (1) and (2), taking Q'
=—0.325 G and the other parameters from Table I,
this method leads to Q'= —0.32 G.The numerical values
of various terms in (5) are given in Table II, where it is
seen that Eq. (5) is accurate to 0.1 G.
g'We have also checked Eq. (6) and the results are
given in Table III. We conclude from Tables I and II
that Eq. (4) is accurate to about 0.1 G, under our
experimental conditions.

We note from Table III that inclusion of the third-
order correction in 1/Hp in the work of Schneider and
Sircar' would have spoiled their previous agreement
between theory and experiment. However, in their
theory, they assumed that the hyperfine interaction was
isotropic, 8=A = —79.3 G. If we relax this condition
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TABLE III. Contributions to AI1 (-,')+AII( ——,').

Crystal Hg
4HO order

Z II(-',)+~II(——;)

Exact
Eq. (6} or expt.

CaW04
ZnOb
ZnOe

51.24
32 20b
31.54

4.61
5.00
5.00

0.63
0.0b
0.66

56.48 56.40'
37.26 37.2e
37.20 37.2'

a See Eq. (6). Terms proportional to 1/H03.
b Follows computation of Ref. 8, in which B= —79.3 G and 4th-order

terms are omitted.
e Using B= —78.5 G and including 3rd-order terms. See text.
d Exact value using quoted parameters and computer calculation.
& Experimental value from Ref. 8.

bp ——
p (35 cos»8 —30 cos'8+3) b»'

+-„'cos(4&) sin'8b»', (A2c)

Ap ——A cos'8+8 sin'8,

p=vA/gP

(A2cl)

(A2e)

All energies are in units of gauss.
We note that the energy of the state

~

—~~, m —1) may
be simply obtained from Eq. (A1) by substituting 1—m
for m, and changing the sign of H since, in general,

F( M, —m—
~

H) =E—(Mn(H), (A3)

V. CONCLUSION

The nuclear quadrupole coupling constant for Mn'+
in CaWO» is Q'= —0.30&0.03(10—» cm—'). To obtain
the quoted accuracy from a perturbation-theoretic
analysis of the data, it is necessary to include terms of
order 1/Hp', where Hp hv/gP. ——

ACKNOWLEDGMENTS

The authors are grateful to Dr. M. Kestigian for
providing us with the CaWO» crystals and to R. J.
Brophy for patiently orienting the crystals in the
spectrometer and for performing the resonance ex-
periments.

APPENDIX: CALCULATION OF DOUBLET
SPLITTING

Using conventional perturbation theory, the energy
of the state

~

—,',m) may be expressed as a series in inverse
powers of the applied field H. It is convenient, when
performing this calculation, to include all diagonal
terms in the zero-order Hamiltonian, as this reduces the
number of terms that must be computed. Then the
energy denominators may be expanded in powers of
1/H. The result may be written

E(-'„m) =—',H—(S/3) Dp+ 2bp pHm-
+Qp (m' —35/12)+-,'A pm

+g„gR„(m)II ", (Al)
where

Dp ———', (3 cos'8 —1)D,
Qp-———', (3 cos'8—1)Q'

(A2a,)

(A2b)

and take 8= —78.5 G, agreement is restored. Note that
in the present computation of Q' for ZnO, as given in
Table II, we have included some additional terms
omitted in Ref. 8. These, however, nearly cancel,
leaving Q' almost unchanged.

in an obvious notation. If we set

E(-', ,m) —E(——',, m —1)=Hp, (A4)

where

Fg ——Gg,

F,=Gp+A (m —~2)G»,

(A6a)

(A6b)

Fp ——Gp+A (2m —1)Gp+A'(m ——,')'Gr

+P,(m —1)+Z,(—m) 2
—P~, (m) yZ, (1—m))P, (A6c)

with

G„=-Z„(m—1)—Z„(m)
+(—)-LZ. (1—m) —Z„(—m)7. (A7)

Essentially identical calculations have been carried
out previously up to terms of order 1/HpP. That the
computation of the next order is considerably more
complicated may be seen from Eq. (A6c) and, even
more importantly, from the fact that certain Gfth- and
sixth-order terms in the perturbation series as well as
lower order terms contribute to F3. For example, the
sixth-order term

where H p hv/gj3, ——we obtain from Eqs. (A1)—(A4) the
resonance energy IIO as a series in the Geld for resonance.
By a standard iteration technique, starting with H = IIO,
the series may be inverted, giving the Geld for resonance
as a series in powers of FIo. In the same way, the Geld for
resonance for the transition P„m—1) &~~ —

p, m) may
also be expressed as a series. Subtracting the two series
gives the doublet splitting,

d,H =II„,([-'„m) ~~ —-'„m 1))—
—H„,(~-'„m—1)~~( ——',, m))

= —2(2m —1)QoypL2Ho —A (2m —1)j
+Q„=rF„IIp ", (A5)

(-;,m~S (S,—;)XS+IXS~,XS,I XS~,XS,(S.+-;)~-;,m)——,'p (D cos8 sin8)'A~
H p (A /2) H p (A /2) H p

(AS)
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(A11a)Di= D ssng cos9

D2= gD sin Oq

Bp——sr (A sin'8+8+8 cos'll)

A= (A 8)—sine cosg.

(A11b)

(A11c)

(A11d)
RI(rrt) = —IA'( —35/4+rIts+17rrt)

—SDP+16DP, (A9) We have taken g~=gll=g, and neglected the small
difference between A and 8 except in (A10a) where this
diGerence contributes 0.2 G at 0=90'. Substituting
Eqs. (A9) and (A10) in (A6c) and neglecting terms in
A —8 and bo, we 6nally obtain the contribution third
order in 1/Hp to fAH:

GI= (17/2)&p'+16DI&, (Aloa)

Gs ——As(2rrt —1)PSDp —(6'7/4) A —20bpj, (A10b)

contributes to Rs(rl), as can be seen from the energy where

denominators, and hence to G3 and F3.
After a tedious calculati. on, and neglecting terms

contributing obviously less than 0.1 G for our experi-
mental conditions, we get

Gs ——AIA4L —2995/4+399 (rrt' —rrt) j+578ADPD,
+1088ADPD, —1508AsDP+192AsDss

+16A'Dp'+ 16A'Dp (25/4 —3rrt'+ 3rrt)

+384ADpD, , (Aloe)

Fs=A'L 2107/16—+131/4(nz' —rrt)g
—DpA'L —10g+ 16 (nzs —rrt) j—1508AsDP

+57gADpDP+ 1088ADPDs+192AsDss
+16A'Dps+384ADpDss (A12)
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Ranges of Ba"' and Ba"' Recoil Fragments in Aluminum"
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Using thin-target, thin-catcher recoil techniques, we have measured the average ranges and range strag-
gling of 97-min Ba"' and 2.4-day Ba' ' in Al. The Ba ions were produced with initial energies from 3 to 14
MeV by bombardment of Sn" Sb~' and Sb"3 targets with O' B" C1', and N" ion beams. The assumption
of a compound-nucleus mechanism in the nuclear reactions leads to a smooth relationship between average
range and recoil energy. Theoretical predictions are in good agreement with the observed ranges, but rela-
tively small ( &IO'%%uz) systematic deviations become apparent at the higher energies. The range distributions
are consistent with a Gaussian representation, and yield straggling parameters which are substantially larger
than theoretical estimates of straggling inherent in the stopping process. Possible sources of the discrepancy
are discussed. ln one experiment, the product Ba ion is believed to be formed in a reaction involving emission
of an alpha particle, and an abnormally large straggling parameter is observed.

I. INTRODUCTION

" 'HE stopping of energetic heavy ions in matter
has been of considerable interest in recent

years. ' ' The theoretical description of the energy-loss
processes has attained a degree of sophistication which
allows a reasonable attempt at predicting stopping
properties over a wide region of initial velocities. ' To
determine the accuracy of the theory, it is important
that comparisons be made with experimental data for
a variety of ions moving in various stopping media. A

*This work has been supported by the U. S. Atomic Energy
Commission.

t Alfred P. Sloan Foundation Fellow.
' J. Lindhard, M. Scharff, and H. E. Schiott, Kgl. Danske

Videnskab. Selskab, Mat. Fys. Medd. BB, 14 (1963).' L. C. Northcli6e, Ann. Rev. Nucl. Sci. 13, 67 (1963).
3 M. Kaplan and R. D. Fink, Phys. Rev. 134, B30 (1964).

.
4 J. Gilat and J. M. Alexander, Phys. Rev. 136, B1298 (1964).
5 V. Subrahmanyam and M. Kaplan, Phys. Rev. 142, 174

(1966).

number of such studies have been reported, ' and general
agreement between theory and experiment has been
found for range-energy relationships, with somewhat
less satisfactory agreement for range straggling.
However, as the measurements have become more
re6ned, systematic deviations have appeared which
may require a more critical examination of the theoreti-
cal approximations. '

In this paper we report measurements of average
ranges and range straggling in Al of 2.8 to 14.2-MeV
Ba"' and Ba"' ions (22 to 113 keV/amu). These ener-
gies correspond to a velocity region where the contribu-
tion of electronic interactions to the stopping process
becomes dominating, and the theoretical energy de-
pendences of the stopping properties are quite sensitive
to the details of the theory. The energetic Ba ions were

6 See, for example, Refs. 1—5, where referral to earlier work may
also be found.


