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ON THE MECHANICAL AND ELECTRODYNAMICAL
PROPERTIES OF THE ELECTRON.

By MEGH NAD SAHA.

HE object of the present paper is to extend Minkowski's method!
of four-dimensional analysis to the investigation of the mechanical
and electrodynamical problems connected with the electron. As is well-
known, Minkowski’s four-dimensional analysis is based on the principle
of relativity, and we have thereby to abandon two time-honored concepts
of physics, 7. e., absolute independence of time and space, and the con-
stancy of mass. The correctness of these two principles is no longer a
matter of hypothesis, but is founded on experiments. It is therefore to
be hoped that the results of these investigations will be helpful to us for
the elucidation of the mechanical and electrical problems connected with
the electron, though sometimes difficulty may be encountered in putting
proper interpretation on these results.
The notation is the same as that adopted by Minkowski, and for
the convenience of the reader, it is explained at the very outset.

I.

(x, ¥, 2, I & 1ct) denotes the space and time coérdinates of any point
in the four-dimensional world

(wly w2, W3, w4) - I - c2 C, Gr C’ 7
denotes the velocity four-vector of the point.
We put
ds? = — (dx? + dy? + dz* + dI?)
therefore we have

dx dy dz dl
wy, we, w3, wg) =\ 5, 3, T, 5 and\}—wwww
( 1, W2, W3, 4) (dS’ dS’ ds' ds ’ ( 1, W2, W3, 4)

1 Minkowski’s method of four-dimensional analysis is expounded in two papers: (1) Raum
und Zeit, published in the Phys. Zeits., and (2) Die Grundgleichungen fiir die Electro-mag-
netischen Vorginge in bewegten Korpern-Gétt. Nach, 1908. These two papers have been
translated by me, and are being published by the Calcutta University.
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denote the direction cosines of the four-dimensional tangent to the path
of the particle. ¢ = velocity of light in space.
We put
(fasy far, fr2) = (Hx, Hy, Hz),

the components of the magnetic field, and
(fi4 faa, f30) = — i[Ex, Ey, Eg],

the components of the electric field. Minkowski has shown that f
constitutes a six-vector.

(a1, as, as, as) = [F, G, H, I¢],

are the components of the potential four-vector; (F, G, H) are the vector
potentials & is the scalar potential.
p = electrical space-density;

Ur U2 Uz
Pl oot = po(w1, we, w3, wy)

are the components of the stream four-vector s;

2
U
Po=p I—;;

is known as the rest-density of electricity.
The vector operator

R a 8
= =(’ax+fay+kaz+51)’

is known as the lor and the scalar operator
9% 9?2 9% 9%
2 — — g 2
= (6x2 + ay? + 922 + 6l2)
is known as the generalized D’alembertian.
The equations of electrodynamics can be written in the forms
lor f =s, lor f* = o,
f = Curl a; O%2¢ = — s, Oa = o.
2. THE SCALAR AND VECTOR POTENTIALS OF A MOVING ELECTRON.

Lienard,! and almost simultaneously Wiechert? showed that the scalar
and vector potentials are given by the expressions

e e(uy, s, 1s)

¢=—m, (F,G,H)=—C"r*(l—_%,—). (1)

1 Lienard, L'eclairage electrique, 16 (1898), pp. 5, 53 and 106.
2 Wiechert, Arch. Neérl., (2), 5 (1900).
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If P be the point at which the potentials are calculated at the time
tand M be the position of the electron at the time ¢, where MP = c(¢t—1to),
the distance MP is denoted by 7 and [«] denotes the velocity in the
position M, and (ur) its component in the direction of 7.

The formule are deduced from the theory of retarded potential and
do not involve the principle of relativity.

Several investigators! have shown that the formule can also be deduced
from the theory of relativity and can be thrown into the compact form

_lol
[Re]’

R being the four-vector joining the two points, [R:w] denoting the
scalar product of R and w.

It is quite clear that the forms (1) and (2) are quite equivalent.

In a paper published elsewhere, it has been shown that from Mim-
kowski’s four-dimensional analysis we obtain

a

elw)
a = P M (3)
In this formula, (x, ¥, 2, I) denote the time-space codrdinates of the
electron (4), (w1, ws, ws, wg) its velocity-components, (x’ ¥’ 2’ I’) denote
the space-time cotrdinates of the point B at which the potentials are

estimated,
P denotes the four-dimensional perpendicular distance of B from the
axis of motion of (4); since the direction-cosines of this axis are

— 1 (w1, we, w3, ws), we have
P=@x-2P+0-y)+E-2P+0=-0)
+[(x — 2N + (v — ¥ + (2 — 2wz + ( — Vwy?
= R? + [Ruw]%
Now if we make the assumption that the time coérdinates are so
chosen that
Ro=@—aP+—y)r+E—+0-1=0
1. e.,
et — ) = 1, (4)

. e.,
ct —=1¥) =r,

the formula (3) becomes the same as (2) and therefore (1). Also the
assumption which we make here about the interval between the time-
coodrdinates is identical with the premises of Lienard and Wiechert.

1 Sommerfeld, Uber die Relativitits-theorie, Ann. d. Physik, Vols. 32 and 33.
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I am not quite certain whether this assumption (4) which is made here
is at all essential. I am inclined to think that it is not essential, but
necessary only for the interpretation of the result to those three-dimen-
sional beings whose senses are not sharpened enough to enable them to
grasp a result expressed in four-dimensional figures.

3. THE ELECTRIC AND MAGNETIC FIELDS DUE TO A MOVING ELECTRON.

If a denote the potential four-vector, the components of the six-vector
f giving the electric and magnetic fields are given by

d 8 9 0

f=~Curla = 3% oy 37 &

ay Qp Q3 Q4

Thus
das da e
fi2 = a7 3_)_’; =~ [waae — woas], etc. (5)
where
dP dP
al_Pg-x—,, o = 6—3;;...etc.

we can easily verify that if we put ¢(! — ¢') = r, we have

2
m =L -Lu-n)]

(%)

where

ep?
= [u Xr]. 6)
The electric forces are given by
. da da
f14 = — 1Ex =6—x;-—(—9—l—;1,

Ll = 1) — e — ),

=-i;£:5[r1il—(x—x')]v ()

and generally

ep? , U efs? ra
Ex:ﬁ)?[(x_x)_—c_l]’ E=r-3'ﬁ[r—?:|.

These values are widely different and simpler than the values obtained
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from the older theories, for example, compare the values given by
Crehore.!

The discrepancy is due to the fact that in these older theories, we always
assume that the equation

=2+ @G-+ -2+ 0-0V)72=0,

is an essential condition. But in performing differentiations with regard
to (x', 9, 2,1') we here assume that they are quite independent of
(x, v, 2, ). I am not quite definite as to which of these two stand-
points is correct but I am inclined to think that my standpoint is more
in accordance with Minkowski's ideas of time and space. However it is
preferable to keep an open mind on this point.

3. MAXWELL'S STRESSES, POYNTING-VECTOR, ETC.

Minkowski has shown that if we multiply f by its own matrix, we obtain
a matrix

|Su — L Sp Sis S1a §
ff = !521 Szz — L2 523 524

Sat Sss Sss — L* Sa

| Sa S Sas Si — L?|

where

Su = 3[fas® + fad? + feo? — fre? — fis? — fid?],
Sie = [fisfae + frafal,
L = 3[fos® + fa? + fro? + fid + fold + faé2],

and the matrix

I iSu 512 Slai Xz: Xy Xz

— S See S| =|Y. YV, VY,

4 Su Sa Sw 2. 2z, Z
denote the Maxwellian stresses, 7(Sis, Se4, S34) denote the components of
the Poynting vector, and S is the energy function. We have generally

Xo = 5= Ufust + fs + fa? — ful — fi? — i,
: ®)
Xy = e [fisfs2 + frafals
etc.

Now on the standpoint taken up by me, it is quite easy to calculate
these qualities. It can be shown that

2 2
8:_P2[— P (1 4 2w?) + a?], X, = gfﬁ, [— wiweP? + anaa], (9)

1 PrYS. REV,, July, 1917, DP. 448.

X =
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The Poynting-vector

2
Xy, Vi, Z) = gﬁffﬁ [(— w1wsP? + araq), (— wewsP? + asary),

(— wswaP? + azas)]
and the energy function

62
544 = L = 81|-P6[— .PZ(I + 20)42) + a42]
where
oP d
al—Pa 7 a2=P3;,, etc.
and

o = o + a? + ag? + al = P

4. THE LAW OF ATTRACTION BETWEEN Two MOVING ELECTRONS.

We can now proceed to find out the attraction which one moving elec-
tron exerts upon another moving electron.

According to Lorentz’s theorem the components of the force acting
on an electron (4) moving in any electromagnetic field are

X = e[wafiz + wsfis + wafial,
Y = e[wifu + wsfas + wifadl, (10)
Z = e[wifs + wafse + wafsdl,

and we can also add the fourth or the time component

]

=—-—-[Xu1+Yu2+Zu2 B = \/I—‘—

which is proportional to the rate at which work is done by the moving
charge,—we have

= e[w1f41 + w2f42 + w3f43]-

In this case, the field is due to the second electron (charge e’, position
x' 9" g’ I, velocity components w;’ wy’ ws’ w4').
According to the last section, the potential four-vector

¢ =——, where P”? = R4+ [Ru']

We have now, since f = Curl a,

ol (e 2 (e o () _a(w
X—w_m{m(p)-w(P)}+w{w(p)—a(f)}

, ”_a_ ( wiw’ + wews’ + wsws’ 4+ waiwd
| 9x P’

(et gt agren)(5)]

~

ee
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Now putting
® = ed/ (ww! + wewe’ + wsws’ + waws)/P’,

we find that
od d 0P
X =% ﬂz}(;@)’

where 9/dx denotes differentiation in which x is explicitly involved,
similarly with
9
6w1

d

IS
b3

d d 9 a 9
F7i (wxa—’;-i-wza—y-l- wag + w4a—l),

as is easily seen. We have similarly
We have similarly

p_0_dfom\ o 4l
T 9y ds ad_;y ’ Tdz  ds| _dz |’

ds aEE
(11)
_0®_d[o®
S ds| dl )
ds

We can say that ® is the kinetic-potential of the electron (A4) in the
field of the electron (B). Similarly if ® denote the Kinetic-Potential
of the electron (B) in the field of (4),

P = ee' (wiw + wowy’ + wswis’ + wyws')/P,

P? = R* + (Rw)%

, 0¥ d [ ¥
X =537-z;<7;>- (12)

ds’

and we have similarly

Let us now interpret the results in three dimensions. We have

ee'B"? , uv cos 0 ee'B"? ur\ ,
X=r3)\sﬂl(x_x)(1 - c2 )—1'2X3/36 I _'T>uly (13)

where 3
v? , \/ v’ ur
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In three dimensions, the forces are equivalent to a force of repulsion

ee' B’ Y cos 0)
g\ c r,

in the direction of the line joining the two points, and a force

ee' B’ Ur\ ,
A A (14)

in the direction of the velocity of the second or the attracting point.
We thus perceive that the force which comes out in a very simple form

in four dimensions takes a very complicated form in three dimensions.
The kinetic potential

¢ = *;—(—I*:—(z;)*{;" . (15)

This kinetic potential is practically coincident with the kinetic poten-
tial assumed by Clausius in order to find out the law of attraction between
two moving charges of electricity; Clausius has shown that this kinetic
potential leads us to the celebrated electrodynamic laws of Ampere.
A short résumé of the work done in this connection is given below for
the purpose of comparison. The problem was first enunciated by Gauss
in the year 1835, and was called by him the fundamental keystone of
electrodynamics.!

I. Gauss (1835): The forces are the derivatives with regard to
(x, ¥, 2) of the potential function,

_e_e’( gd_zf)
=7\ 2 )

2. Weber (1843) takes the potential function

ee’ 1 dr
-<(c-% 7)-

Both of these forms have been long discredited. Later writers have
pointed out that the force cannot be simply the derivations with regard
to (x, ¥, 2) of some potential function, but are the Lagrangian derivatives
of a certain kinetic-potential. We give the form of this kinetic potential
according to different investigators.

!For the literature on the subject, see Maxwell, Electricity and Magnetism, Vol. 2,

Chap. XXIII., and J. J. Thomson, Application of Dynamics to Problems of Physics and
Chemistry, pp. 35.
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SERIES.
ee’ un’ cos 6
=7\~ e )

where v and #’ are the velocities of the two electrons, and 6 is the angle
between their lines of motion. In two papers communicated to the
Crelle’s journal,! Clausius deduces Ampere’s laws of electrodynamical
action between two currents from this law.

2. J. J. Thomson

1. Clausius (1881);

ee’ . -
¢=" ( I — g’:—zuu' cos 0) (u = magnetic permeability = 1).

Crehore? has calculated the forces components according to J. J.
Thomson’s theory.? He finds that the forces are equivalent to
’

F, = s repulsion along the line joining the centers.

e . :
F, = g2 W' cos 6, an attraction along the same line.

ee . . . .
F; = 5 u', a force in the direction opposite to the acceleration of the

second charge.

d (1 . . . . .
Fy = ee'v’ 7 (;) , a force in a direction opposite to the velocity of the

second charge.
3. Sommerfeld* has also calculated the ponderomotive forces, assuming
that the value of the potential four-vector

_ elo]

“T (Rwy’
and using the condition

=22+ -y2+E-22+0-0) =0

in course of differentiation. Their forms are a bit too complicated.

5. EQuATIONS OF MOTION OF THE ELECTRON.

Minkowski® deduces the equations of motions of a ponderable particle
by means of a variational process in which the function

2
[ moctds, where ds? = — (da? + dy? + dz* + di) = ¢ ( 1 — ?—)

2
is used instead of the three-dimensional [ Tdt.

1 Vols. 82 and 83.

2 It will be seen that forces F1, F:, Fy are, but for some minor details, represented in our
formula. Force F3 does not occur at all.

3 Phil. Mag., 1913.

¢ Ann. d. Phys., vols. 32 and 33, Uber die Relativitits theories.

§ Minkowski, loc. ¢cit. Anhaup, Mechanics.
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He obtains
d*x d*y d*z ai
"’06235_2 =X, moc2é§5 =Y, moc? g5t = Z, moczﬁ =L. (16)

Now we have
X = e[wafi + wsfis + wafidl,
according to Lorentz’s theorem. We have also

9 d ad ad
ds = (wlé—;'l'" wzg;-i- wsyot+ w452)w1

(V] dw; Ows
wla';[%(wlz + w? 4+ ws? + wd)] + wz[(@ - ’a;)

Jdwy OJdws dwy Odwy
+“’3(az - ax>+"’“< al _ax)]
ouk _ duh
dxh  dxk’

Hence we have the four equations, putting u = ¢2m,/e,

w2 fi2 + pQ) + ws(fis + uis) + wa(fia + pie) = 0

= — (wefle + w33 + willy), putting Qi =

w1(far + pQar) + ws(fes + ues) + wa(foa + 1Q24) = 0 .
w1(far + uQa1) + wo( faz + uQs) + + wi(faa+ pQss) = 0
w1 (fa + pQa) + wo(fao + pQe) + ws(fiz + uQs) =0

Of these, only three are independent; the fourth can be deduced from
the first three.
We have now identically

fio + e fis + pQs  fie + pQu
Sfa + uQa Jos + s foo + pas| _
fa+pQs fa 4+ pQs Sfaa + Qs
) fu+uQa fo+ pQe fiz+ uQas
1. e.,

(fiz + pQ2) (fas + 2Qs4) + (faz + pQs3)(f1a + 24) (17)

+ (fa + pQa)(fas + p24) = o.
The condition is evidently satisfied if we put
f12 f23 f31 - f14 - f24 — ._&i (18)
912 923 931 914 924 934 )

If of these equations, any three are satisfied the remaining three come
out automatically from the equations of motion. But we cannot possibly
be sure of the authenticity of these relations unless it can be deduced
from an independent source. For this purpose let us take the original
variational equations.

Let (X, Y, Z, L) represent the components of the force four-vector
at any point, which is subjected to a virtual displacement &x, 8y, 6z, dl.



44 MEGH NAD SAHA. [g::loss?

Then
SW = Xox + Yoy + Zéz + Ldl,
1. e., if we call
94
W = a5 A = [ Wis,
04 = [6Wds = [(Xoéx + Yoy + Zéz + Ldl)ds
ef[ fre(dydx — 6ydz) + fas(dzdy — 62dy) + fa(dxéz — 6xdz)
+ fu(dlox — dldx) + fau(dldy — 6ldy) + fsu(dléz — 8zdl)].

Now the function fmyc?ds can also be subjected to a variational

process. Since

ds = widx + widy + widz + widl,
we find

8 moc?ds = — moc[[R28S12 + 230523 + 231655
4 9148514 + 248524 + 2348.534],

where
65},); = dxkﬁx;. bl 5xkdx;..

Thus from the variational equation
5fmoctds + [6W.ds = o;

1. e., from the principle of least action, keeping the initial and final
points fixed, we obtain the original equation

f[(fu + #912)5512 + .. ] = 0.

The relations (18) thus seem to be borne out by independent evidence.

Difficulty is encountered here about the interpretation of the terms
(12, D3, ...) in three dimensions @ is evidently a six-vector being the
four-dimensional curl of the velocity four-vector. The components
[Q23, Qa1, 2] are evidently connected with rotations

[ % U ?il«} aua Uy ouy ]

dy 9z’ 3z ax’  dx 9y

and [Q4, 24, Q34] are connected with the accelerations

ag’ ae’ dt?

but the exact interpretation in three dimensions has not yet been ob-
tained. We can style Q as the acceleration six-vector.

On a future occasion, I hope to communicate the result of my investiga-
tions on the orbits of the electron under different conditions.

In conclusion, I wish to express my best thanks to my friend, Mr. S. N.
Basu, for much help, and useful criticism.

UNivERSITY COLLEGE OF SCIENCE,
CALCUTTA, INDIA,
May 11, 1918.



